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ABSTRACT

High-quality electron transport modeling in low-temperature, single-crystal silicon and germa-
nium is central for understanding particle detectors dedicated to the first observation of an inter-
action from the dark matter that fills the universe. A deposit of even a few eV of energy into the
detector can instigate billions of microphysical processes. Interpreting the data from such devices
requires an accurate understanding of the quantum mechanical effects on how charge carriers prop-
agate through anisotropic semiconductor crystals under voltage and how their interactions with the
crystal generate vibrations that are subsequently measured at the detector surfaces. In this thesis,
we present a modeling framework for electron transport in single-crystal semiconductors, starting
from the quantum mechanical description of electrons in periodic potentials and deriving a particle-
like, semiclassical model suitable for detector-scale simulations. This model captures the essential
effects of crystal anisotropy and various charge interactions with the crystal, and is implemented
within both a toy simulation where individual processes can be turned on and off to help build intu-
ition about the dominant processes, as well as the full Geant4 Condensed Matter Physics (G4CMP)
simulation framework. We present comparisons of the simulation results to published experimental

data, demonstrating qualitative agreement and highlighting areas for further improvements.
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LIST OF FIGURES

FIGURE

1.1

1.2

1.3

This figure shows the expected and observed velocities of the stars around the cen-
ter of the spiral galaxy M33 as a function of the radial distance from the center. We
show it because it is a clean observational example that provides indirect evidence
for the existence of dark matter. The dashed lines show the expectations from grav-
itational contributions from the stellar disc (short-dashed line) and the gas contri-
bution (long-dashed line). The points show the data, which are significantly above
the predicted velocities if only visible matter is taken into account. The difference
can be explained by the presence of additional matter in the galaxy that is dis-
tributed symmetrically, engulfing the atomic matter, known as the halo. The solid
line is the best fit, including the dark matter particle model, which well-describes
the data, with the dot-dashed line representing the dark matter-only contribution,

which dominates the total mass of the galaxy. Taken from [9]........................

This figure shows the gravitational lensing pattern, known as an Einstein Ring,
around a luminous red galaxy, where its mass distorted the light from a far-away
blue galaxy behind it. We show it because the observed size of the Einstein ring
is different than the expected size (not shown) estimated from the visible matter.
This difference provides indirect evidence for the existence of dark matter [1, 11].

Photo Credit: [12]. . .ovii i e e

This figure shows two views of the remnants of two colliding galaxy clusters named
the Bullet Cluster, which provides evidence for the particle nature of dark matter.
We show it because the clear separation between the atomic mass, shown in the heat
map on the right, and the full mass distribution from gravitational lensing, shown
in the green contours in both, is well-explained by a description of the dark matter
as a mostly non-interacting particle that simply traverses space. The left panel is an
optical image of the sky, where the background shows visible light from galaxies
in and around the cluster, and the superimposed green lines indicate the contours of
constant density inferred from gravitational lensing. The axes indicate the coordi-
nates on the sky, similar to longitude and latitude, for celestial positions. The right
panel displays the same region in X-rays, where the colored areas represent atomic
mass density (yellow/red indicates higher density, blue indicates lower density),
with the green contours again added for comparison. This mismatch indicates that
most of the mass is not in the visible matter and passed through the collision with-

out slowing down [3]. Photo credit: [4]. ......coomiiii
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1.4

L.5

1.6

This figure shows a cartoon of the three primary experimental approaches to ob-
serve an interaction of the hypothesized dark matter (DM) particle. We show it
because the work in this thesis is designed to assist in the understanding of the
detectors used in direct detection experiments (bottom row). The top row shows
an experiment where two standard model (SM) particles collide with enough en-
ergy to produce dark matter particles. Typically, a large detector surrounds the
collisions and compares observations to the hypothesis of standard model-only in-
teractions [16]. The middle row shows the indirect detection method in which dark
matter particles collide in outer space, annihilate, and produce high-energy final-
state particles. Telescopes and other detectors compare observations of particle
energies with predictions made only from the standard model [17]. The bottom
row shows the direct detection method in which a dark matter particle interacts
with standard model particles in a detector. Custom sensors on the detector vol-
ume compare observations from the hypotheses both with and without dark matter

interactions [15, 18]. Figure taken from [19]. ...

This figure shows a cartoon of an interaction of a dark matter particle impinging
on a semiconductor detector and the motion of the resulting charges and phonons
before collection. We show it to illustrate the early-stage response of a particle
interacting with the detector and depositing its energy, which produces electron-
hole pairs and phonons. As the charges travel through the detector, they produce
more phonons. Both the phonons and charges propagate until each gets absorbed
at the top or bottom surface of the detector, where their energy is recorded. These
measurements give us an estimate of the energy and interaction position of the

incident particle for comparisons to expectations. Taken from [19]. ...................

This figure shows three views of a silicon version of a SuperCDMS detector with
a high voltage across it, known as an HVeV detector, and used as a test device at
the NEXUS facility. We show it because it illustrates the detector layout used for
our simulations to study electron transport in silicon crystals. The detector has a
10 mm x 10 mm X 4 mm silicon crystal mounted in the middle of its housing and
is operated at 50 mK. The phonon sensors populate the surface, and the middle
and right versions of the plot show zoomed-in versions to provide detail. Taken

FTOM [ 20, 22 oo e
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15



1.7 This figure shows a germanium version of a SuperCDMS detector with a few volts
of potential across it, known as an iZIP detector, and used during the Soudan data
collection period: a photo on the left and a cartoon of the charge and phonon
sensor layout on the surface on the middle and right. We show it because the
circular layout is similar to what will be used in the SNOLAB experiment moving
forward [8], and will be used in our simulations to study electron transportation
in the germanium crystals. The crystal is 76 mm in diameter with a 25.4 mm
thickness, operating at 50 mK, but with phonon and charge sensors on both the top
and bottom surfaces. On the right, the blue dotted lines that are also visible in the
physical form of the detector are the phonon sensors, and the charge sensors are
the thin lines between them, which are visible if we zoom in. The colored regions
in the middle are the three different phonon sensor groupings, while the colored
regions on the right are the different charge sensor groupings (inner and outer).
Both are used to help determine the energy and position of the incident particle.
Pictures taken from [22, 23], ...t 16

1.8 The solid curves in this figure show a simplified cartoon of the allowed energy vs.
wavevector (described in more detail in Chapter 2 but for now can be thought of as
being a direction) for an electron in a semiconductor with a single energy band in
the conduction and valence regions. We show it because the allowed energies de-
pend on the direction of charge propagation in the conduction band. The existence
of direction-dependent energy bands causes the trajectories of electrons through
a semiconductor to be different than those expected for a free electron, as shown
in Figure 1.9. We also note that in the conduction band, we refer to directions in
which the energy is minimum as valleys. We note that in silicon and germanium,
there are multiple directions that have the same minimum energy due to the crystal
symmetry, which we will explain in more detail in Chapter 2, and a more complete
version of this figure will be shown in Figures 2.6 and 2.7.......................o .. 23

1.9 This figure shows a cartoon of how a single example electron moves in an anisotropic
semiconductor crystal with an electric field like those used in the SuperCDMS de-
tectors. We show this to illustrate the combination of the two dominant effects:
under an electric field, an electron will accelerate in a direction different from the
electric field [27, 30], and the zigzag motion that occurs due to scatterings along its
path. The combination of the accelerations and scatterings produces a large num-
ber of phonons, as shown in Figure 1.10. .............o i 24

1.10 This figure shows a cartoon of phonons being emitted from electrons during prop-
agation in an anisotropic semiconductor crystal with an applied voltage across it,
like those used by SuperCDMS detectors. We show this because both electrons and
holes (not shown) scatter and emit phonons. In both cases, this causes their path to
have a zigzag trajectory [20], and can produce enough phonons for a measurement,
especially for large voltages. ...t 24
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1.11

1.12

1.13

2.1

This figure shows how the custom charge and phonon transport simulations in
this work, labeled Crystal Simulation, fit into the entire SuperCDMS simulation
framework, which starts at the top and works its way downward. We show it
because while SuperCDMS uses the Geant4 toolkit to simulate both the source
(incident particles in Figure 1.5) and the detector simulation, in this work we fo-
cus on the modeling of charge transportation in anisotropic semiconductor crystal
using the custom software package known as Geant4 Condensed Matter Physics
(G4CMP) [32]. Note that the figure includes a number of components that come
after the crystal simulation but are not used in this work. They include the sensor
and noise simulation components as well as the parallel structure for data from the

detector and how it is processed on the right-hand side. ......................... . ...,

This figure shows an example set of experimental results for the arrival positions
of electrons at the top surface of a 10 mm x 10 mm x 4 mm silicon crystal test
device with a monoenergetic source at the center. We show this because it is an
example of a result that we expect to be able to simulate and compare with. We
note that in this case, the crystal has a [111] orientation (more on that in Chapter 2),

a temperature of 5 K, and a —4 V potential applied. Picture taken from Ref. [33]. ...

This figure shows an example set of experimental results for the arrival positions
of electrons at the top surface of a 3.89 mm x 10 mm X 10 mm high-purity germa-
nium crystal test device with a monoenergetic source at the center [34]. We show
this because it is an example of a result that we expect to be able to simulate and
compare with. We note that in this case, the crystal has an orientation of [101], a

temperature of 1 K, and a —2 V potential applied. Picture taken from Ref. [34]. .....

This figure shows three different views of the famous double-slit experiment, but
using electrons [37, 40]. We show it to illustrate the quantities of the wave and
particle-like nature of electrons. In the propagation schematic on the left, the wave-

vector k can be defined with the direction of electron wave propagation (same di-
rection as k on the figure) and magnitude |k| = 27" where A is given by the de

Broglie wave relation. The constructive interference peaks shown in the middle

figure as bright regions occur for the cases where the path lengths corresponds to
an integer number of wavelengths, which is satisfied when \ = dsinbn \where d is

n
the distance between the two slits, n can be any integer number, and 6, is the angle

of the n’th Bright spot relative to the center of the slits. Experimental results for

individual electrons are shown on the right from Ref. [41]. ...
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2.2

2.3

24

2.5

This figure shows a simplified cartoon of the allowed energy levels for electrons
grouped as energy bands for three different types of solids referred to as insula-
tors, semiconductors, and conductors. We show it because the energy determines
whether an electron is attached to the lattice (valence band and below) or free
to move within the solid (conduction band and above), and the energy difference
between those bands can give the solid different properties. We note that in semi-
conductor crystals, which are the focus of this work, an external energy deposition
larger than the band gap can excite an electron from the valence band into the con-
duction band, where it can propagate. We also note that, as shown in Figure 1.8 and
in more realistic detail in Figures 2.6 and 2.7, the energy levels in semiconductors

are also dependent on the direction of the charge carrier’s wavevector. ................

This figure shows the diamond cubic crystal structure typical of silicon and ger-
manium. We show it because it illustrates how the crystal can be described as a
face-centered cubic (FCC) lattice with a two-atom basis. The blue atoms form the
FCC lattice with one atom at the origin (0, 0,0) and the red atoms form the basis,
offset by (1—11, i, }1) This repeating unit forms the real-space crystal lattice, which
underlies the periodic potential that governs the motion of electrons. The periodic
structure shown here leads directly to the definition of the reciprocal lattice and the

construction of the Brillouin zone in Figures 2.4 and 2.5. ..................ooooiinnn. ..

This figure shows a wavevector space where each location anywhere in the space
indicates an allowed wavevector for a face-centered cubic (FCC) crystal lattice
structure as shown in Figure 2.3. We show it because, with the aid of the lines
and pink regions, it allows for the definition of the Brillouin zone, which can be
used to specify the full set of allowed wave states and energies for both silicon
and germanium crystals. The point in the center of the pink region, the origin,
corresponds to the I' point, where k = 0. The points surrounding it correspond
to the reciprocal lattice vectors, where their position indicates both the magnitude
and direction of the corresponding wavevector k relative to the origin. The lines
indicate the symmetry directions along the reciprocal lattice vectors, such as the
high-symmetry paths connecting I' to X or L. The pink region, centered on the
origin and bounded by the bisector along each line to the nearest-neighbor point

along the line, is known as the first Brillouin zone. Taken from [42]...................

This figure shows a three-dimensional version of the same lattice in Figure 2.4,
which allows us to see the full set of directional definitions. We show it because the
directions defined by the Brillouin zone are useful for describing wave propagation.
In the left figure, we show the directions along the edges of the Brillouin zone,
which is defined as L = [111] along with its variations. The directions situated
along the zone boundaries are known as the X = [001], and are shown along with
its variations in the right figure. The center of the Brillouin zone is known as

[' = [000]. Taken from [35]. ....ouiiuiiii e
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2.6 This figure shows the energy vs. wavevector for the allowed energy levels in a
silicon crystal separated by electron direction zone. We show it because the al-
lowed energy levels are dependent on the direction of propagation of the charge
in the conduction band, and they minimize around the L, I' (which indicates that
the electron is essentially stationary), and X directions in the wavevector space as
shown in Figure 2.5. For this reason, they are referred to as valleys. Note that
the y-axis is left arbitrary as quantitative descriptions are temperature dependent.
One of the implications of this result is that the minimum energy needed to ex-
cite an electron to the conduction band from the valence band is different for an
electron with a wavevector direction along each of the six X directions (which, for
low-energy electrons, becomes the most common direction of wavevector) shown
in the right hand side of Figure 2.5. Similar results for germanium are shown in
FgUIe 2.7 o e 56

2.7 This figure shows the same energy levels vs. wavevector as in Figure 2.6, but for
germanium. We show it because while the same valleys appear in germanium,
the minimum energy needed to excite an electron to the conduction band from the
valence band is for an electron with a wavevector direction along each of the eight
L directions shown in the left hand side of Figure 2.5...................cooiiiiiiiinn... 57

2.8 In this figure, we show Feynman diagrams of four different scattering processes.
We show them to describe some of the most important types of scattering in a semi-
conductor crystal. In the top row, we show two inelastic scatterings. On the left,
a charged particle interacts with a lattice site and emits a phonon, both changing
directions and losing energy. On the right-hand side, a charged particle absorbs a
phonon and scatters. On the bottom left, a charge interacts with another charge,
transfers some energy, and scatters. On the bottom right, a charge interacts with
a crystal impurity and scatters elastically without losing or gaining kinetic energy.
It’s important to note that in the low temperature, low energy regime, as shown in
Figure 2.10 and discussed in the text, the only important scattering types are the
phonon emission (top left) and impurity scattering (bottom right)...................... 61

2.9 In this figure, we show the diagrams of the dominant pair of processes used in
our simulations to model the more complete set of scattering processes shown in
Figure 2.8. We show it to describe how we model changes in electron energy,
momentum, and valley. For the reasons described in the text, all intervalley scat-
tering processes (electrons and holes) are modeled using the left figure, where a
charge emits an acoustic phonon without changing its valley, and all the intervalley
scatterings (electron only) are modeled using the right figure, where an electron
changes its valley while preserving the angle between its momentum and its valley
without emitting a PhONON. .........iii i eaes 62
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2.10 In this figure, we show the scattering rates of charges as a function of energy for

3.1

3.2

33

both germanium and silicon. We show it to demonstrate the dominant scatterings
at low energies, which helps justify the choice of processes shown in Figure 2.9.
At the lowest energies, the scattering rate is dominated by acoustic phonon emis-
sion, which is entirely intravalley scattering; intervalley scatterings are rare but
can occur and are dominated by interactions with impurities. At around 10 meV,
the scattering rate becomes dominated by optical phonon scattering, which emits a
high-energy optical phonon. This energy is referred to as the optical phonon scat-

tering threshold. Figures taken from Ref. [28].......... ...

This figure shows the relationship between the electron velocity vectors and the
angle relative to the valleys for a constant energy in silicon; the color in the band
is a heat map of the speed of the same energy electrons, and the arrows show a few
specific examples. We show it because the speed of an electron in a semiconductor
minimizes in the direction of the valley and gets bigger as the directions move away
from it. In this case, the directions are between the [001] and [100] valleys, and we

are only showing a quarter of the sphere in two dimensions. ...........................

This figure shows two different views of the relationship between the direction of
an electron and its momentum in silicon. We show it to indicate how the semicon-
ductor energy band structure impacts the speed as it propagates due to the tensor
nature of the mass. On the left, we indicate the speed of electrons that start at
the origin with the same energy and arrive at a surface in the zy plane, where the
crystal is oriented such that the [001] valley is in the z direction. In the absence
of an electric field, these electrons continue through the medium with a constant
velocity but eventually hit the surface with a time of arrival indicated by the colors.
In the right figure, we only consider the two-dimensional projection on the top sur-
face but with a much-expanded region (or smaller distance from the source) that
encompasses the full range of directions, which allows us to project both the 3-
dimensional valley structure and the trajectories onto a 2-dimensional plane. This
type of projection will be very helpful as we move to more complicated scenarios

| B 0SB 1 W 1 (ol 1, C T

This figure shows a cartoon of a set of electron trajectories inside a germanium
crystal with valleys that are aligned in the [+1,+1, 41| directions and an elec-
tric field that is applied in the z direction. We show it because it illustrates that
the motion of a charge in a certain valley gets accelerated in a direction that is
not necessarily aligned with either the external force or the valley direction. The
trajectories, illustrated as the dashed lines, are emitted from the center like in Fig-
ure 3.2, and encounter a surface. Note that in this case, we have again oriented
the z direction as being up and the electric field in the z direction, but the valley
direction aligns with neither of the two. For valleys on the same axis but in op-
posite directions, the electrons in both valleys will have the same acceleration and
will end up in a similar location on the surface (assuming the surface is far enough

from the electrons’ origin relative to the electrons’ initial energy). ....................
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34

3.5

3.6

3.7

3.8

4.1

This figure shows the simple relationship between the kinetic energy of a particle
in an isotropic medium and its wavevector by indicating all the same energy points
in wavevector space, known as a constant energy surface. We show it because, in
an isotropic medium, the constant energy surface is spherical, leading to a perfect
alignment between velocity and wavevector direction, where both are normal to the
constant energy surface due to v = %6 Ee(lZ) Note that in the velocity description,
we have used the effective mass, m*, which, in the limit of vacuum, turns into the

rest mass of the charge. ...

This figure shows the same diagram as in Figure 3.4 but for a anisotropic crystal.
We show it because in a semiconductor crystal, like silicon, the constant energy
surfaces have an ellipsoidal shape due to the semiconductor energy band structure.
Note that we are no longer using the effective mass in the velocity but a tensor M

that is defined so that the effective mass and directions are correct. ..........c.ooovn....

In this figure, we show a two-dimensional view of Figure 3.4, but where we have
added in the acceleration for the case where there is a force. We show this because,
in this case, an external force causes the particle to accelerate in a direction that is
aligned with the force. What is important is that while the velocity and acceleration
point in the same direction in this simple case, the alignment is really normal to the
tangent to the surface of constant energy, which will be different in the anisotropic

F0 =16 11110 |

This figure shows the same quantities shown in Figure 3.6 but for the silicon case
shown in Figure 3.5. We show this because, in a semiconductor, in the same way
that the velocity and wavevector are no longer in the same direction, an external
force causes the particle to accelerate in a direction that is not aligned with the force
but governed by the same mass tensor M. These behaviors result in phenomena
such as varying charge velocity magnitudes for the same energy but different di-

rections, as shown in Figure 3.2. ... oo

This figure shows the same case as described in Figure 3.3, but where intraval-
ley scattering is included. We show it because with intravalley scattering, all the
charges in the same valley axis (both valley and anti-valley charges) end up in a
small region between the acceleration direction and the valley due to their energy

loss as they Propagate. ... ......ooouuuniiri ittt e

This figure shows three views of the simulated trajectories of a mono-energetic
point source of electrons in the isotropic band structure crystal described in Ta-
ble 4.1 with no electric field and no scattering effects. We show it because in the
absence of the electric field and scattering effects, electrons move in a straight line,
and we see spherical symmetry around the origin. The figure on the top shows the
initial directions and velocities, which are uniformly distributed in all directions.
The figure on the bottom shows two versions of the trajectories in the xz plane;
the top version shows a subset of the trajectories in all directions, while the bottom

88

90
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92

shows a subset of those trajectories that hit the top surface. ...................... .. ... 113
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4.2

4.3

4.4

4.5

This figure shows the distribution of electron arrival positions and times on the top
surface of an isotropic crystal for the same sample and configuration as the bottom
portion of Figure 4.1. We show it because, in the absence of the electric field, the
pattern on the surface can be easily understood as being from purely geometric ef-
fects. The top portion of the figure shows the density of arrival points, and is well
described by an arc tangent pattern relative to the center. The bottom portion shows
both the two-dimensional heat map of the arrival times and a one-dimensional his-
togram, which have the same distribution for the same reasons because the elec-
trons are mono-energetic. Note that due to how we choose whether the trajectory
hits the surface, some events will be chosen as if they hit the top surface, while in
fact, they hit a sidewall. This will be true for all cases without voltage, but for the
cases with voltage, we can choose the voltage to be large enough so that no event
hits a sidewall. This artifact causes the abnormal distribution on the + = £40 and

This figure shows the electron trajectories in the toy isotropic crystal simulation
configuration with an electric field in the negative z direction that is large enough
such that all electrons reach the top surface. We show it for comparison with Fig-
ure 4.1. We note that in an isotropic crystal, the acceleration caused by an electric
field has the same axis as the electric field. This causes a symmetry of the trajecto-

ries around the electric field and acceleration axis for electron trajectories. ..........

This figure shows the distribution of the arrival positions and times on the top sur-
face of an isotropic crystal with an electric field but without scattering effects. We
show it to illustrate the effect of the application of the electric field so that it can
be compared to Figure 4.2. We note that the electric field and the symmetry men-
tioned in Figure 4.3 result in the top surface arrival points being tightly clustered
around the acceleration and electric field axis, and the average arrival times are
lower. This figure sets the baseline for future comparisons with the top of Figures

4.8 and 4.10 as other effects are added. ........ooniiiiniii i,

This figure shows the trajectories in an isotropic crystal with both a voltage and
intravalley scattering but without intervalley scattering. We show it to illustrate the
effect of the Luke scattering in the electrons’ trajectories in an isotropic crystal.
Comparing with Figure 4.4, we see that intravalley scattering causes electrons to
lose their speed quickly and get scattered soon after they accelerate enough. This

results in a smaller spread around the electric field axis.................ooooiiiie
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4.6

4.7

4.8

4.9

4.10

This figure shows the distribution of the arrival positions and times on the top sur-
face of an isotropic crystal with both voltage and intravalley scattering but without
intervalley scattering. We show it to highlight the impact of the intravalley scatter-
ing in the electrons’ arrival position and time distributions in an isotropic crystal.
Comparing with Figure 4.4, we see that the distribution is much tighter around the
origin as the intravalley scattering causes electrons to remain at a low energy, and
that the arrival times are significantly later due to slower average speeds. We also
note that the arrival times distribution also changed from exponential-like to skew-

GaUSSIAN-LIKE. ettt e e e e

This figure shows three views of the simulated trajectories of a mono-energetic
point source of electrons in the silicon band structure crystal described in Table 4.1
with no electric field and no scattering effects with colors added to indicate the
different valleys each electron travels in. We show it to illustrate the effect of the
silicon band structure on the electrons’ trajectories in the absence of any compli-
cating effects. Compared with the isotropic case shown in Figure 4.1, we note that
while the electrons still move in a straight line and there is no difference in the

electrons’ path, the trajectories have different speeds. ..................coooiiiiiina...

This figure shows the distribution of electron arrival positions and times on the top
surface of a silicon crystal with no electric field and no scattering. We show it to
highlight the effect of the anisotropic band structure of silicon on the electrons’
speed distribution. Comparing to the isotropic case shown in Figure 4.2, we note
that while the arrival positions are the same (the plot in the top right color codes
the valleys for completeness), the electron arrival times are different in the bottom
plots, due to the valleys effect on the speed distribution for the same energy elec-
trons, and has a square heat map shape along with more tightly constrained arrival

This figure shows four views of the simulated trajectories in a germanium crystal
for the case where we have no electric field or scattering. We show it to illustrate
the effect the band structure has in germanium compared to the silicon and isotropic
crystal cases. Comparing with Figures 4.1 and 4.7, we note that changing only the
band structure does not affect the electrons’ paths. However, later in Figure 4.10,
we see that changing the valleys affects the electrons’ speeds, and thus time of

ATTIVALS. .« ottt

This figure shows the distribution of electron arrival positions and times on the top
surface of a germanium crystal in the absence of voltage and scattering effects. We
show it to highlight the difference in the arrival times as a function of crystal band
structure. Compared with Figures 4.2 and 4.8, we note that because the valleys
in germanium have different energy levels and directions than the silicon case, the
same energy electrons have different speeds, producing a different shape of the

ATTIVAL TIIIIES. .« o vttt ettt e et e et e e e e e e e e e e e e e
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4.11

4.12

4.13

4.14

This figure shows three plots of the electron trajectories in a silicon crystal with an
applied electric field, but where the trajectories are separated by their initial valley
(pair of directions in each plot), and the voltage is aligned with one of the valleys
in the negative z direction. We show it to highlight the effect of an electric field on
electrons paths in an anisotropic crystal. Comparing to the isotropic case shown
in Figure 4.3, we see that all the electrons share the same acceleration direction
(which is the same as in the isotropic case), but the magnitude of the acceleration

is dependent on the valley the electrons are traveling in........................oooeie

This figure shows the distribution of electron arrival positions and times on the top
surface of a silicon crystal with an electric field but no scattering. We show it to
illustrate the combined effects of the band structure and electric field on the elec-
trons’ arrival position patterns in silicon. Comparing to the isotropic case shown
in Figure 4.4, we observe that the arrival position patterns are now square-like.
Note that the top right plot is a zoomed-in version of the left plot. On the bottom
right, we see that the arrival time distribution is now separated into early and late
components; the later components are due to the electrons from the 2 valley having

smaller acceleration from the bottom of Figure 4.11. ...,

This figure shows four views of the simulated electron trajectories for the germa-
nium configuration with an electric field but without scattering effects. We show
it to highlight how changing the crystal and the angles between the electric field
and the valleys can affect the electrons’ trajectories. Comparing to the silicon case
shown in Figure 4.11, we note that all the valleys in the [+1, +1, £1] directions
have the same angle with the electric field pointing in the z direction, all the elec-
trons share the same acceleration magnitude but in different directions. However,

each valley and anti-valley pair shares the same acceleration vector. .................

This figure shows the distribution of electron arrival positions and times on the top
surface of a germanium crystal with an electric field but in the absence of scattering
effects. We show it to illustrate how changing the crystal to the germanium config-
uration affects the electron arrival patterns. Compared to the silicon case shown in
Figure 4.12, the valleys all share the same acceleration magnitude but not the same
acceleration direction, forming distinct clustering in position at the top surface. We
also note that each same-axis valley pair shares the same acceleration vector, form-
ing four sets of two distributions around the four different acceleration directions
(indicated with an x). On the other hand, the time of arrival for the electrons is
very clustered, with very little variation, as all valleys share the same acceleration
magnitude. Note that the top right-hand side plot is a zoomed-in version of the

left-hand side PlOt. .....oouni e
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4.15

4.16

4.17

4.18

This figure shows three plots of the trajectories in an electric field for a silicon
crystal with intravalley scattering, where the trajectories are separated by their ini-
tial valley (pair of directions in each plot), and the voltage is aligned with one of
the valleys in the negative z direction. We show it to highlight the effect of Luke
scattering on electrons paths in an anisotropic crystal. Comparing to Figure 4.11,
we see a much tighter trajectory around the acceleration direction as the electrons

quickly lose their initial speed and direction due to Luke scattering...................

This figure shows the distribution of electron arrival positions and times on the top
surface of a silicon crystal with an electric field and intravalley scattering but with-
out intervalley scattering. We show it to illustrate the effect of the Luke scattering
on the electrons’ arrival position patterns in a silicon crystal. Compared to the
no-Luke scattering case shown in Figure 4.12, the Luke scattering has both shrunk
the arrival position and created a + sign, which is apparent in the zoomed-in dis-
tribution on the top right. We also note that there are again two different arrival
clustering times, but that they have moved significantly closer to each other and to

the later times due to Luke scattering keeping electrons at a lower average speed....

This figure shows four views of the simulated electron trajectories for the ger-
manium configuration with an electric field and intravalley scattering but without
intervalley scattering. We show it to highlight how Luke scattering affects electron
tracks in germanium. Compared to the case without Luke scattering shown in Fig-
ure 4.13, we note that electrons quickly lose their initial speed and move around
in the 4 different acceleration directions, which causes each valley and anti-valley

pair electrons to end up in the same place at the top surface. ..........................

This figure shows the distribution of electron arrival positions and times on the top
surface of a germanium crystal with voltage and intravalley scattering but in the
absence of intervalley scattering. We show it to illustrate how Luke scattering af-
fects the patterns on the top surface. Compared to the case without Luke scattering
shown in Figure 4.14, we note that the eight distributions shown in Figure 4.14
effectively condense into four distributions as each of the valley and anti-valley
distributions gets mixed up together; again, the top right plot is a zoomed-in ver-
sion of the left plot. We also note that the distance of each distribution is velocity
dependent; a smaller voltage would make the ellipses smaller and closer to the
middle. We also point out that while the time of arrival distribution again only has
small variation, it is shifted to later times due to the scattering lowering the average

] 1 P
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4.19

4.20

4.21

4.22

This figure shows three plots of the trajectories in a silicon crystal under a voltage
with intervalley scattering but without intravalley scattering. We show it to high-
light the effect of just changing the valley without emitting a phonon on electrons’
paths in an anisotropic crystal. Comparing to the case without scattering effects
shown in Figure 4.11, we see a few outlier tracks that are separated from the rest,
which is because of two effects: intervalley scattering changes the direction of the

momentum, and different valleys have different acceleration magnitudes. ...........

This figure shows the distribution of electron arrival positions and times on the top
surface of a silicon crystal under a voltage with intervalley scattering but without
intravalley scattering. We show it to illustrate how just changing the valley without
emitting a phonon alters the electron distribution at the top surface in our sili-
con configuration. Compared to Figure 4.12, intervalley scattering slightly mixes
the different valley clusters together. We note that there are arc-like patterns in
the plots, which are due to the non-physical simplifying assumptions in the toy
simulation to illustrate the case of intervalley scattering without phonon emission.
Specifically, the electron’s angle in the new valley is taken to be the same as the
previous valley, which causes a slight asymmetry. In the full simulation, where
phonons are emitted when scattered, we will not observe this effect. We also note
that the arrival times still have the same two peaks as the no-scattering case, but

there are now events in between due to some electrons changing valleys. ............

This figure shows three plots of the trajectories in a silicon crystal under a voltage
with intervalley scattering but without intravalley scattering. We show it to high-
light the effect of just changing the valley without emitting a phonon on electrons’
paths in our germanium configuration. Compared to Figure 4.13, in each plot, we
see some electrons get separated from the rest as intervalley scatterings change

their valleys to a different axis, which changes their acceleration direction...........

This figure shows the distribution of electron arrival positions and times on the
top surface of a germanium crystal under a voltage with intervalley scattering but
without intravalley scattering. We show it to illustrate how just changing the valley
without emitting a phonon alters the electron distribution at the top surface. Com-
pared to Figure 4.14, intervalley scattering causes electrons to change valleys and
end up somewhere between the eight clusters in the no-intervalley case, depending
on how many times they scatter before they reach the top surface. In this case, the
time of arrival distribution is incredibly tight and is much lower due to the unphys-

ical effect of not losing energy due to SCattering. .........couuuuiereeiiiiiiiinnneeennn.
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4.23

4.24

4.25

4.26

5.1

This figure shows three plots of the trajectories in a silicon crystal under a voltage
with both scattering effects. We show it to demonstrate how electrons move in
silicon with all the dominant effects included. Compared to the Figures 4.15 and
4.19, all electrons have the same direction and their trajectories are dominated
by the electric field as intravalley scattering causes electrons to lose their initial
energy quickly and move with a velocity close to a terminal speed while intervalley
scattering causes some electrons to change their valley and scatter, and accelerate

with a different magnitude. ............o

This figure shows the distribution of electron arrival positions and times on the top
surface of a silicon crystal under a voltage with both scattering effects. We show
it to set our expectation for the patterns we see in a silicon crystal with all the
dominant effects included in the full simulation. Compared to Figures 4.16 and
4.20, intervalley causes electrons to change valleys, slightly mixing up the shapes
that we saw in the intravalley-only case. Note that even with all effects included,

we expect a double-peak arrival time. ...

This figure shows four plots of the trajectories in a germanium crystal under a volt-
age with both scattering effects. We show it to demonstrate how electrons move
in our germanium configuration with all the dominant effects included. Compared
to the Figures 4.17 and 4.21, while all electrons have the same acceleration mag-
nitude, and their movement is dominated by the electric field due to intravalley
scattering, a fraction of the electrons scatter and accelerate in a different direction

due to intervalley scattering changing their valleys....................oooiiiiiiiin....

This figure shows the distribution of electron arrival positions and times on the
top surface of a germanium crystal under a voltage with both scattering effects.
We show it to set our expectation for the patterns we see in a germanium crystal
with all the dominant effects included in the full simulation. Compared to Figures
4.18 and 4.22, intravalley scattering causes the same-axis valleys electrons to end
up in the same clusters, effectively forming four clusters instead of eight, while
the intervalley scattering causes electrons to end up between the four clusters. We

continue to see the single, narrow time of arrival distribution..........................

This figure shows the density of arrival points at the top surface of a hypothetical
square isotropic material with a monoenergetic set of electrons emanating from the
center using the full G4CMP simulation. We show it because this simulation is the
simplest case that helps verify that the full simulation results qualitatively match
our expectations in Figure 4.2. Note that electrons that do not reach the top surface

are NOt INCIUEd NETE. . ..ottt e e e e e et
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5.2

53

54

5.5

5.6

This figure shows the G4CMP results for the distribution of electron arrival posi-
tions on the top surface of a square isotropic crystal with two different voltages.
We show it to illustrate how the full simulation results change when we add differ-
ent voltages without any crystal effects included. Compared to Figure 4.4, we note
that the full simulation results qualitatively match our expectations. We also note
that at low voltages, not all electrons hit the top surface, but with the high voltage

value choice, the electrons cluster into a small area on the top surface. ...............

This figure shows the G4CMP results for the distribution of electron arrival posi-
tions on the top surface of an isotropic crystal for two different voltages with in-
travalley scattering, but without intravalley scattering. We show it to illustrate how
the Luke scattering affects the results, independent of anisotropic crystal compli-
cations. Compared to the top part of Figure 5.2, we note that all electrons now
reach the top surface and have results comparable to the high voltage case. We
also note that increasing the voltage has little effect on reducing the cluster size as
Luke scattering causes electrons to lose their initial energy rapidly and maintain a
relatively constant average speed as the higher energy gain rate leads to a higher
frequency of Luke scattering events. These results match the expectations shown

INFIGUIE 4.0, ..o

This figure shows the G4ACMP results for the distribution of electron arrival posi-
tions on the top surface of an isotropic crystal with all dominant effects, including
intervalley scattering, along with two different voltages. We show it to confirm that
even when the unphysical intervalley processes are included in an isotropic crystal,

.156

the results are qualitatively the same as Figure 5.3, which matches our expectations. 157

This figure shows the G4CMP results for the distribution of electron arrival po-
sitions on the top surface of a square-shaped silicon detector without an electric
field or scattering. We show it to illustrate that the full simulation results for the
silicon match the toy model expectations qualitatively and are basically identical
to Figure 4.8. Note that the colors of the points represent the starting valley of the

electrons and that not all electrons reach the top surface. ..............................

This figure shows the G4CMP results for the distribution of electron arrival posi-
tions on the top surface of a cylindrical germanium detector without an electric field
or scattering. We show it to illustrate that changing the medium to any anisotropic
crystal does not affect the arrival density in the absence of voltage or scattering
effects. Compared to Figure 4.10, we note that our toy model expectations quali-
tatively match our full simulation result. We also note that, unlike Figures 5.2-5.4,
the circular shape is due to the boundaries of the crystal, not the electric field or
scattering effects. Here the colors of the points again represent the starting valley

.161

of the electrons, and not all electrons reach the top surface. ......................... .. 162
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5.7

5.8

59

5.10

This figure shows the G4CMP results for the distribution of electron arrival po-
sitions on the top surface of a square-shaped silicon detector with two different
voltages but no scattering. We show it to illustrate how, compared to Figure 5.5,
the combination of an electric field and valleys causes electrons to end up in the
square-like shape as predicted from the toy model, as was shown in Figure 4.12.
We also note that in the top plot, the top surface is not fully populated, which is ex-
pected due to the fact that the [001] valley electrons do not get accelerated enough
to hit the top surface and instead hit the bottom or a side surface and are not shown.
On the other hand, the higher-value voltage choice in the bottom plot causes all
electrons to reach the top surface, since the [001] valley electrons’ acceleration is
high enough, and the arrival point clusters become smaller while preserving the

overall Shape. .......ooooii

This figure shows the G4CMP results for the distribution of electron arrival po-
sitions on the top surface of a cylindrical germanium detector with two different
voltages but no scattering. We show it to illustrate that, compared to Figure 5.6, the
combination of an electric field and the different valley directions causes electrons
to end up in 8 regions, the shape of which are determined by the voltage and the
valley directions, which matches our expectations from the toy model shown in
Figure 4.14. We also note that by increasing the voltage, the arrival point clusters

become smaller and closer to the acceleration vector indicated with an X.............

This figure shows the G4CMP results for the distribution of electron arrival posi-
tions on the top surface of a square-shaped silicon detector with two different volt-
ages, both with intravalley scattering using the rates given in Table 5.3 but without
intravalley scattering. We show it to illustrate that, compared to Figure 5.7, the
Luke scattering causes all the electrons to end up in one cluster, making a + sign
in the middle of the top surface. As shown in Figure 4.16, this is expected due to
the fact that the electrons quickly lose their initial energy to Luke scattering events,

and that increasing the voltage barely affects the size and shape of the clusters. .....

This figure shows the G4CMP results for the distribution of electron arrival po-
sitions on the top surface of a cylindrical germanium detector with two different
voltages, with intravalley scattering but without intravalley scattering. We show it
to illustrate that, compared to Figure 5.8, Luke scattering causes the same-axis val-
ley electrons arrival points to merge and locate in an ellipsoidal shape with a center
between the acceleration and the valley axis, as expected from our toy simulation
results shown in Figure 4.18, and that increasing the voltage barely affects the size

and shape of the CIUSETS. .........oiiiiii e
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5.11

5.12

5.13

5.14

This figure shows the G4CMP results for the distribution of electron arrival posi-
tions on the top surface of a square-shaped silicon detector with all dominant ef-
fects included for two different voltages. We show it to present the full simulation
results for the silicon detector, including all the effects. We note that compared to
Figure 5.9, the intervalley scattering causes electrons to change valleys, effectively
mixing the different valley clusters together, which results in the overall shape of
the distribution gradually transforming into a circle as the voltage increases, which
matches our toy simulation expectations shown in Figure 4.24.........................

This figure shows the G4ACMP results for the distribution of electron arrival posi-
tions on the top surface of a cylindrical germanium detector with all dominant ef-
fects included for two different voltages. We show it to present the full simulation
results for the germanium detector, including all the effects. We note that compared
to Figure 5.10, intervalley scattering causes some electrons to end up between the
4-cluster structure, which matches our toy simulation expectations shown in Fig-
ure 4.26. Additionally, we observe that as the intervalley scattering rate increases
with voltage, at high enough voltages, the structure is effectively wiped out. .........

This figure, shows the same test device results as Figure 1.12 but for a number of
additional voltages and temperatures. We show it because the set of results allows
for comparison with the G4CMP results shown in Figure 5.14. We note that the
points outside of the triangle are intrinsic noise in the analog readout. The numbers
in the bottom left of each plot give the maximum pulse height (in mV) and the
normalized integrated intensity (relative to —12 V, 500 mK), respectively [33].......

This figure shows the G4CMP results for the electron arrival positions in a silicon
crystal in the Si(111) orientation for the case where we have all effects included
and for 4 different voltages. We show it to compare with the experimental results in
Figure 5.13. While there are clear similarities in the shapes in general, the density
of arrival position points in-between the triangle edges (no intervalley scattering)
at each voltage are qualitatively different. On the other hand, we notice that the
trend as a function of voltage appears to be the same, but with different voltage
values. This suggests that the values from the intervalley scattering rate calcula-
tions described in Table 5.3 are NOt COITECT. .......uuuuuutitiiiiaaa
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5.15 This figure shows a set of experimental results for the electrons’ arrival positions
in a high-purity germanium test device for four different voltages [34]. We show
it because the set of results allows for a visual comparison with the case simulated
in G4CMP shown in Figure 5.12, as well as provides multiple points so we can
extrapolate. We note that there are configuration differences between the experi-
mental results and those shown in Figure 5.12. Specifically, the crystal used here is
3.89 mm thick with 10 mm x 10 mm top and bottom faces, operating at 1 K with
the valleys located at [£1,£1,0], [£1,0, 1], and [0, £1, £1]. Comparisons can
be made by scaling and simple rotations, and we observe that the arrival points,
the position of the corners, and the size of the whole shape match qualitatively.
On the other hand, again, the density of electrons in between the bands is not the
same for the same voltage, and future work, like in Ref. [64], is required to better
parameterize the intervalley scattering rates in G4ACMP. ... 173
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TABLE

4.1

4.2

5.1

5.2

LIST OF TABLES

In this table, we list the configuration properties of the datasets simulated using our
toy model with pointers to the figures that use them. We show it to list the set of
configuration combinations that are used to help illustrate the crystal band struc-
ture, voltage, intravalley scattering, and intervalley scattering effects on how elec-
trons move in a crystal. Note that all samples are generated with 1 eV monochro-
matic energy electrons emanating from the point + = y = 2z = 0 (center of the
detector) uniformly in all directions. The details about the detectors used in these

samples are described in Table 4.2 .........

In this table, we list the important geometric parameters for the three different
detector types that are used in the toy simulations. We show it to specify the con-
figuration details used to make the datasets. We note that while the orientations of
the crystals described in Chapter 2 are chosen to be the same as used by the Super-
CDMS experiment [65, 66], shown in Figures 1.6 and 1.7, the shape and size used
in the simulations are kept identical for simplicity. The scattering and other param-
eter values and methods, selected for pedagogical instead of quantitative reasons,

are described 1N the tEXt. ..ottt

In this table, we list the datasets simulated using G4CMP, the configurations of
each, and identify the figures that use them. We show it to list the set of con-
figuration combinations that are used to help illustrate the effect that the crystal
band structure, voltage, intravalley scattering, and intervalley scattering have on
electrons as they move in a crystal. Note that all samples are generated with 1 eV
monochromatic energy electrons emanating from the point x = y = 2z = 0 (center
of the detector) and distributed uniformly in all directions. The details about the
detectors and their crystal orientations used in these samples are included in Ta-

ble 5.,

In this table, we list the size, shape, and orientations of the crystals used in the
G4CMP simulations. We use the same configurations used by the SuperCDMS
experiment, shown in Figures 1.6 and 1.7 [65, 66]. For simplicity, the isotropic
detector is chosen to have the same geometry as the silicon detector. We also note
that the name column is what we later refer to as each detector type. However,

sometimes we refer to them by their crystal type, as both are unique. ...............
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5.3

In this table, we list the parameters and values used in G4CMP for intravalley and
intervalley scattering processes. The intravalley scattering rates are calculated us-
ing Equation 2.41 with the characteristic length values given here. The intervalley
scattering rates are calculated using Equations 2.44 and 2.45 for germanium and
silicon, respectively, with the coefficients given. We note that the intravalley char-
acteristic length is calculated using the electron conductivity mass, where m, is the
mass of the electron. Finally, it’s important to note that the parameters used in the
simulation of the isotropic case are not based on any real crystal; rather, they have
been set to have the same values as the silicon case, with the difference that there
Are N0 VallBYS. .ot e 151
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1. INTRODUCTION

One of the most important open questions in modern particle physics, cosmology, and astro-
physics is the nature of the unseen mass that dominates the matter content of the universe. In the
absence of a detailed understanding, this component has come to be known as dark matter. The
"matter" portion of the name comes from the observations that, like other matter in the universe, it
influences the motion of stars, galaxies, and galaxy clusters through gravity [1]. The "dark" por-
tion comes from the fact that we can’t "see" it directly, said differently it is non-luminous and has
not been directly observed through electromagnetic interactions [2]. For reasons we will describe,
there is good reason to believe that while this mass is constituted of enormous amounts of particles,
the current standard model of particle physics has no explanation for their existence [3, 4]. If this
is the case, then detecting its interactions with ordinary matter would provide critical insight into
physics beyond the standard model [5]. To date, there has been no recorded evidence of an interac-
tion between a dark matter particle other than gravitationally. Such interactions are expected to be
exceedingly rare and deposit extremely small amounts of energy in a detector [6]. This motivates
the development of highly sensitive experiments that rely on cutting-edge technology, often with
materials that are only partially understood [7]. In this case, modeling the microscopic detector
response, such as charge carriers’ behavior within it, may prove crucial in their use for discovery.

Many of the major advances in our understanding of fundamental physics have been enabled by
improved knowledge of how particles interact with matter. From early developments in optics that
made microscopes and telescopes possible, to the discovery and control of electrical conduction
in solids, progress in experimental physics has often depended on a deeper understanding of the
materials. In particle physics, experiments often rely on detectors whose performance is governed
by the microscopic behavior of charge carriers inside the detector material. As experiments push
toward being able to measure smaller energy deposits and rarer interactions, accurately modeling
how particles move through matter becomes essential for both interpreting data and designing fu-

ture technologies [7]. History is replete with examples where advances developed for fundamental



physics have had a huge impact on fields outside them, including electricity, lasers, transistors, and
superconductors.

In this thesis, we describe our advances in the quantitative modeling of electron transport in
low-temperature semiconductor devices for use in the search for dark matter with the Super Cryo-
genic Dark Matter Search (SuperCDMS) experiment. This experiment has evolved over many
years to provide better sensitivity to dark matter interactions [8]. The primary method of the
experiment is to use single-crystal detectors at milliKelvin temperatures to record low-energy de-
posits in the eV range [7]. The expectation is that when a dark matter or standard model particle
interacts with the detector, it frees electrons inside the crystal lattice. The motion of the electrons
in the lattice in response can be measured with very sensitive sensors on the surface of the detector.
If we want to be able to provide evidence of dark matter interactions, we need to demonstrate a
quality understanding of the crystal response. One of the most powerful ways to do so is to put
our best understanding of the myriad interactions the electrons undergo before being collected into
a highly sophisticated simulation. This work summarizes our results and the state of the art of
single-charge transport modeling in semiconductor crystals.

In this chapter, we give a high-level overview of both the motivation for this work and what
is coming in the thesis. In Section 1.1, we provide an overview of some of the simplest and most
compelling evidence for dark matter, as well as some clues that point to it being a particle in
nature. In Section 1.2, we discuss dark matter detection methods, with a focus on the SuperCDMS
experiment and its use of a semiconductor crystal as a detector, and why a detailed understanding
of the detector response is essential for an effective data analysis. In Section 1.3, we discuss charge
transport within a semiconductor crystal, with a focus on how it influences the detector response
and how we can gain intuitive understanding by using simulations of the billions of microphysical
interactions. In Section 1.4, we provide an overview of the thesis with its focus on the physics and

simulation of electron transport in single-crystal solids to assist with our experiments.



1.1 The Mystery of Dark Matter

In this section, we describe some of the evidence for dark matter and why the current best
explanation is that it is a particle. In the first paragraph, we describe the discrepancy between the
expected and observed stellar velocities around the center of galaxies and how it provides indirect
evidence for the existence of dark matter. In the second paragraph, we overview complementary
evidence that comes from the bending of light as it passes through curved spacetime near a massive
object. In the third paragraph, we discuss the remnants of two colliding galaxy clusters, the Bullet
Cluster, and how the spatial separation between the observable atomic mass and the estimate of the
center of mass provides evidence for the particle nature of dark matter.

The discrepancy between the expected and observed stellar velocities around the center of
galaxies provides indirect evidence for the existence of dark matter. Example data, shown in Fig-
ure 1.1, indicates that there is a large amount of mass in galaxies that we can’t see directly, as the
expected stellar velocities calculated from observed mass (stars and gas) don’t match the observed
velocities [9]. The most successful theories of gravity suggest that the orbital motion of stars in
spiral galaxies is governed by the gravitational potential generated by all enclosed mass. If the
contributions from the visible stellar population and interstellar gas are considered, Newtonian dy-
namics predicts that the rotational velocity should decrease with radius once most of the luminous
matter has been enclosed. Instead, measurements consistently show that the velocity profile, even
at the largest distances from the galaxy center, rises at a slow rate. This behavior implies that
the visible matter, which participates in electromagnetic interactions, accounts for only a small
fraction of the total gravitational potential. On the other hand, the velocity distribution can be
readily explained if there is a contribution from an additional, non-luminous component of mass,
which does not participate in electromagnetic interactions, and dominates the total mass at large
radii [1]. This type of motion has been observed independent of which galaxy we are analyzing.
The explanation of the motion as being due to a non-luminous mass component that contributes
significantly to the gravitational potential is one of the most readily understood and widely cited

pieces of evidence for the existence of dark matter.



Additional evidence for dark matter comes from the bending of light as it passes through curved
spacetime near a massive object, known as gravitational lensing [10]. According to general relativ-
ity, mass and energy curve spacetime, and light follows these curved paths rather than traveling in
straight lines. As a result, light emitted from a distant galaxy can be deflected by the gravitational
influence of an intermediate galaxy or galaxy cluster, producing distorted, magnified, or even mul-
tiple images of the background source. An example of this effect is shown in Figure 1.2, where
the observed lensing pattern provides a direct probe of the total mass distribution along the photon
path. General relativity allows for the prediction of the mass of the intermediate object based on
the amount of light path bending due to lensing. As with the orbital velocities of stars in galaxies,
observations of lensing around galaxies consistently indicate that there must be far more mass than
is estimated from stars, gas, and dust alone [1, 11]. More detailed analysis shows consistency with
the previous results from star speeds in terms of the fraction of the mass in a galaxy, as well as how
it is distributed.

The remnants of two colliding galaxy clusters, the Bullet Cluster, as shown in Figure 1.3,
demonstrate how the spatial separation between the observable atomic mass and the estimated
center of mass provides evidence for the particle nature of dark matter. Galaxy cluster collisions
provide a unique environment in which the different components of matter respond differently dur-
ing the collision period because of their distinct interactions. As is the case with single galaxies,
clusters of galaxies are expected to consist of large amounts of both dark matter and regular atomic
matter. When two separate clusters collide, the atomic gas in each cluster is subject to powerful
electromagnetic interactions, causing it to change direction and heat up upon collision. The ob-
servations show that the lensing-derived measurements of the centers of mass for the two clusters,
however, are spatially displaced from the regions containing most of the ordinary matter, indicat-
ing that the bulk of the mass barely interacted during the collision [4]. This behavior is difficult
to reconcile with modified gravity models. Instead, the observed separation strongly supports the
interpretation of the dominant portion of the mass as being a non-relativistic particle species that

experiences negligible drag during such events. The Bullet Cluster is therefore considered one



of the clearest astrophysical demonstrations that dark matter is not simply an artifact of modified

gravitational dynamics but behaves as a particle component distinct from ordinary matter.
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Figure 1.1: This figure shows the expected and observed velocities of the stars around the center
of the spiral galaxy M33 as a function of the radial distance from the center. We show it be-
cause it is a clean observational example that provides indirect evidence for the existence of dark
matter. The dashed lines show the expectations from gravitational contributions from the stellar
disc (short-dashed line) and the gas contribution (long-dashed line). The points show the data,
which are significantly above the predicted velocities if only visible matter is taken into account.
The difference can be explained by the presence of additional matter in the galaxy that is dis-
tributed symmetrically, engulfing the atomic matter, known as the halo. The solid line is the best
fit, including the dark matter particle model, which well-describes the data, with the dot-dashed
line representing the dark matter-only contribution, which dominates the total mass of the galaxy.
Taken from [9].

Having concluded our discussion of the evidence for the existence of dark matter and that
it is likely to be a particle, we next move to the process of attempting to observe it in action.
We describe different methods of directly detecting dark matter to help us understand various
experimental approaches and strategies, including the SuperCDMS experiment. Doing so helps
motivate our focus on the free charge carriers and and vibrations in a crystal, known as phonons,

that are produced and move through the SuperCDMS detector material after an interaction. Each



Figure 1.2: This figure shows the gravitational lensing pattern, known as an Einstein Ring, around
a luminous red galaxy, where its mass distorted the light from a far-away blue galaxy behind it. We
show it because the observed size of the Einstein ring is different than the expected size (not shown)
estimated from the visible matter. This difference provides indirect evidence for the existence of
dark matter [1, 11]. Photo credit: [12].

plays a central role in determining the detector response and the interpretation of the experimental

data.
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Figure 1.3: This figure shows two views of the remnants of two colliding galaxy clusters named the
Bullet Cluster, which provides evidence for the particle nature of dark matter. We show it because
the clear separation between the atomic mass, shown in the heat map on the right, and the full mass
distribution from gravitational lensing, shown in the green contours in both, is well-explained by a
description of the dark matter as a mostly non-interacting particle that simply traverses space. The
left panel is an optical image of the sky, where the background shows visible light from galaxies
in and around the cluster, and the superimposed green lines indicate the contours of constant den-
sity inferred from gravitational lensing. The axes indicate the coordinates on the sky, similar to
longitude and latitude, for celestial positions. The right panel displays the same region in X-rays,
where the colored areas represent atomic mass density (yellow/red indicates higher density, blue
indicates lower density), with the green contours again added for comparison. This mismatch in-
dicates that most of the mass is not in the visible matter and passed through the collision without
slowing down [3]. Photo credit: [4].



1.2 Detecting Dark Matter and the SuperCDMS Experiment

In this section, we discuss methods for observing a dark matter particle interaction, with a focus
on the direct detection SuperCDMS experiment, which uses single-crystal semiconductor detec-
tors. The design of such experiments and the analysis of the data from them are highly interrelated
and need to take into account how both dark matter and other particles are expected to interact
with a detector. The better the detector design and understanding of the detection mechanisms, the
better the expected sensitivity.

Before beginning the description of our method of choice, a single-crystal detector kept at
milliKelvin temperatures, we overview the different methods of dark matter detection to motivate
the primary components of a direct approach. There are three main categories of experiments,
including collider, indirect, and direct methods, as shown in Figure 1.4 [13]. The direct detection
method is based on the hypothesis that the dark matter particles that fill the Milky Way should be
traversing the Earth at any moment in time. With an appropriate device we should, in principle, be
able to detect a single particle interaction using the method shown at the bottom of the Figure 1.4;
more details about the other methods are given in the figure caption.

For direct detection experiments, as we will see, single-crystal semiconductor detectors offer
significant benefits, but taking advantage of them requires a deep understanding of how the crystal
responds to particle interactions. To illustrate this, we start with an overview of the reasons behind
the choice of these crystals and how they are used in the SuperCDMS experiment. This also
highlights why detailed simulations of the underlying physical processes may prove crucial for
any potential discovery.

In Subsection 1.2.1, we overview some of the most important components of detector design
and data analysis in direct detection methods. In Subsection 1.2.2, we describe the role that semi-
conductor crystals play in the SuperCDMS detectors, as shown in Figure 1.5. In Subsection 1.2.3,
we discuss the recorded data after all the processes have completed, and provide an overview of

how it is analyzed to motivate the value of high-quality simulations.



1.2.1 Dark Matter Direct Detection Methods

In this section, we overview some of the most important components of detector design and
data analysis in direct detection methods. This helps explain why this work focuses on the under-
standing of charge transport in semiconductors. Since the design of the detector and the analysis of
the data it produces are inseparable, for pedagogical reasons, we start by describing the end-stage
of analysis and work our way backwards. The detectors record information about an interaction,
with each primary interaction referred to as an event. The typical analysis of the data examines
both individual events recorded by the detector to see if they can be considered dark matter candi-
dates, and ensembles of events to determine if there is a dark matter contribution to the ensemble.
In the first paragraph, we discuss the primary requirements that make a material suitable for use in
direct detection experiments. In the second paragraph, we describe the requirements that extend
beyond simply recording small energy deposits and focus on how detector design and data analysis
must cope with the wide range of possible detector responses to different particles and interaction
locations within the device.

The primary requirements that make a material suitable for use in direct detection experiments
include its ability to respond to very small energy deposits from dark matter, the ability to transfer
that energy to sensors, and ideally, allow for methods that prevent or otherwise allow us to identify
and reject interactions that can mimic a dark matter signal. Direct detection experiments must
measure extremely small energy depositions, often at the scale of a few electronvolts [13]. While
there are many potential ways to accomplish these goals, one of the most common and powerful
is a detector medium where an interaction can ionize electrons within the medium, or cause the
medium to vibrate in a measurable way [14]. In the case of solids, this means that it is advantageous
if the amount of energy required to liberate an electron from the stationary atoms is small. It is
also beneficial if the material allows any ionized electrons or atomic vibrations to propagate so
that sensors can accurately record their energy, position, and time of arrival. On the other hand, to
help distinguish between small energy deposits and measurement noise, the population of already

existing conduction electrons and atomic vibrations in a solid must be minimized, so as not to mix



them with the ones caused by an energy deposit. In principle, detectors that can produce distinct
signatures in both the total charge collected, phonon production, and timing information have an
even greater possibility of distinguishing between dark matter and other interaction types.

Beyond the ability to record small energy deposits, direct detection experiments must account
for the wide range of detector responses arising from different particles, interaction locations, and
instrumental effects, which complicates the identification of rare dark matter interactions. There
can be a large variation in the types of underlying processes that produce a response in a detector,
and the detector typically records them all. Most events arise from standard model particles that
interact with the detector material through well-understood mechanisms. On the other hand, envi-
ronmental and instrumental effects, including electronic noise and non-uniformity of the detector
response and configuration, can produce events where the observed response is different from ex-
pected or only a fraction of the response is observed. This can result in events where the full set
of properties of the original interaction is misreconstructed. As a result, only a very small sub-
set of interactions, if present at all, would be expected to originate from dark matter [15] and be
well-measured. Therefore, the analysis of the data must account for the full spectrum of possible
event types and distinguish those that are consistent with dark matter from those that mimic it from
backgrounds or detector artifacts. The ability to correctly interpret these mixed populations is a
central challenge in direct detection searches.

Having concluded an overview of the primary direct detection detector requirements and the
big picture of how the events collected will be analyzed, we next describe why semiconductor
crystals are used in the SuperCDMS experiment. As we will see, semiconductors can serve as
a powerful component of a detector, but have many complex properties that must be taken into
account in order to fully utilize their advantages. This discussion helps motivate a high-quality
understanding of charge transport, which directly relates to improvements in interpreting the data

for use in analysis, and how simulations can assist.
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Figure 1.4: This figure shows a cartoon of the three primary experimental approaches to observe an
interaction of the hypothesized dark matter (DM) particle. We show it because the work in this the-
sis is designed to assist in the understanding of the detectors used in direct detection experiments
(bottom row). The top row shows an experiment where two standard model (SM) particles collide
with enough energy to produce dark matter particles. Typically, a large detector surrounds the
collisions and compares observations to the hypothesis of standard model-only interactions [16].
The middle row shows the indirect detection method in which dark matter particles collide in
outer space, annihilate, and produce high-energy final-state particles. Telescopes and other de-
tectors compare observations of particle energies with predictions made only from the standard
model [17]. The bottom row shows the direct detection method in which a dark matter particle
interacts with standard model particles in a detector. Custom sensors on the detector volume com-
pare observations from the hypotheses both with and without dark matter interactions [15, 18].
Figure taken from [19].
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1.2.2 Using a Semiconductor Crystal as a Detector in SuperCDMS

In this section, we describe the role that semiconductor crystals play in the SuperCDMS de-
tectors, as shown in Figure 1.5. We note at the beginning that there are a number of complex,
non-intuitive processes involved in the detector response, many of which are governed by the ways
that charges propagate in the semiconductor. While we will describe them in more detail in Chap-
ter 2, for pedagogical reasons we will foreshadow a number of terms in our overview. In the first
paragraph, we introduce the SuperCDMS experiment and the two different types of detectors, sili-
con and germanium. In the second paragraph, we describe how particle interactions ionize atoms in
the detector, effectively creating an electron-hole pair in the crystal lattice. In the third paragraph,
we discuss the movement of charges and phonons, and describe the most important differences
between an electron in a crystal and one in a vacuum, and how adding a voltage across the detector
provides signal (number of phonons) amplification. In the fourth paragraph, we overview how the
charge and phonon sensors, shown in Figures 1.6 and 1.7, provide measurement information for
use in analysis.

The two different types of detectors, shown in Figures 1.6 and 1.7, used in the SuperCDMS ex-
periment allow it to compare low-energy interactions across different target materials, improving
both the ability to estimate the rates and energies of various background sources and the overall sen-
sitivity to different dark matter models. To satisty the requirements discussed in Subsection 1.2.1,
the detectors are operated at milliKelvin temperatures to minimize the amount of atomic vibra-
tions and free charges. This particular pair of semiconductors are chosen because each requires
only a few eV of energy deposit to liberate an electron from its atom (referred to as having a small
bandgap for reasons described in more detail in Chapter 2), as well as have well-understood crystal
structures and allowed energy levels (energy bands) [7].

Particle interactions in the detector ionize atoms in the crystal lattice, creating electron—hole
pairs, as illustrated in Figure 1.5. While Chapter 2 will provide more detail, we summarize the
primary set of processes. When a particle deposits enough energy in a semiconductor crystal to

ionize an atom, the electron becomes free to move throughout the material (referred to as being
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in the conduction band). On the other hand, this process leaves behind an empty spot in the
atomic lattice, and electrons from neighboring atoms can move into it. This process can repeat
multiple times, acting like the propagation of a positively charged electron and referred to as a
hole. Each charge from an electron—hole pair can propagate through a semiconductor crystal. The
number of pairs created depends on the total deposited energy and the bandgap of the material,
making semiconductor detectors with charge sensors both highly sensitive to small interactions
and capable of providing an estimate of the energy of the interaction [14].

Once charges are liberated, they propagate through the crystal under the combined potential
of the crystal lattice structure and any applied electric field, but do so in a way where quantum
mechanical effects must be considered. For reasons we will describe in more detail in Chapter 2,
electrons are particularly affected as both their acceleration and speed are governed by the direction
they move within the crystal, which makes their motion very unlike that in a vacuum. Both types
of charges can also scatter within the crystal and produce phonons [20].! These phonons can carry
away energy and propagate in the crystal. Understanding and simulating these processes are the
main focus of this thesis.

The charge and phonon sensors shown in Figures 1.6 and 1.7 provide the measured information
used to reconstruct particle interactions in the SuperCDMS detectors [8]. The charge sensors col-
lect the location of each charge that makes it to the surface, which provides some information about
the original amount of energy deposited, where the interaction occurred, and some indications of
whether the event is well-measured. These sensors contain electrodes that additionally provide
the voltage across the crystal, which accelerates the charges, which in turn produce phonons. The
phonons typically can travel for up to a few microseconds before they are absorbed by the phonon
sensors. This information can be used independently or in conjunction with the collected charge
information in the analysis of the data if available. The ability to work backwards from the mea-

sured quantities forms the sensitivity to dark matter interactions. Unfortunately, many processes

'"While we will describe this more in Chapter 2, we note that the charges can scatter on other charges or phonons that
happen to be present, although this is expected to be negligible at the low temperatures employed for the SuperCDMS
detectors.
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can alter the observed quantities from their simple expectations. For example, non-uniformities in
the electric field affect charge trajectories and their rate of energy gain. Additionally, depending
on the location of an interaction, some fraction of the charges can reach the sidewalls and be ab-
sorbed. This would affect both the number of charges collected as well as the number of phonons
produced. Without an understanding of the full set of effects in the detector, the ability to recon-
struct the original interaction can be severely compromised. Typically, these events need to be
identified and either rejected or corrected, which requires a good understanding of each effect’s
contribution. With only qualitative understanding or averaged responses, the search might miss a
signal, or misidentify poorly-measured events as being due to dark matter interactions.

Having concluded our introduction to semiconductor detectors of the SuperCDMS experiment
and overviewed the complexity of their response to the particle interactions, we next move to talk
about how to understand the detector response for use in analysis, which motivates the role of

simulation.
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Figure 1.5: This figure shows a cartoon of an interaction of a dark matter particle impinging on
a semiconductor detector and the motion of the resulting charges and phonons before collection.
We show it to illustrate the early-stage response of a particle interacting with the detector and
depositing its energy, which produces electron-hole pairs and phonons. As the charges travel
through the detector, they produce more phonons. Both the phonons and charges propagate until
each gets absorbed at the top or bottom surface of the detector, where their energy is recorded.
These measurements give us an estimate of the energy and interaction position of the incident
particle for comparisons to expectations. Taken from [19].

Figure 1.6: This figure shows three views of a silicon version of a SuperCDMS detector with a high
voltage across it, known as an HVeV detector, and used as a test device at the NEXUS facility. We
show it because it illustrates the detector layout used for our simulations to study electron transport
in silicon crystals. The detector has a 10 mm X 10 mm X 4 mm silicon crystal mounted in the
middle of its housing and is operated at 50 mK. The phonon sensors populate the surface, and the

middle and right versions of the plot show zoomed-in versions to provide detail. Taken from [21,
22]
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Figure 1.7: This figure shows a germanium version of a SuperCDMS detector with a few volts of
potential across it, known as an iZIP detector, and used during the Soudan data collection period: a
photo on the left and a cartoon of the charge and phonon sensor layout on the surface on the middle
and right. We show it because the circular layout is similar to what will be used in the SNOLAB
experiment moving forward [8], and will be used in our simulations to study electron transportation
in the germanium crystals. The crystal is 76 mm in diameter with a 25.4 mm thickness, operating at
50 mK, but with phonon and charge sensors on both the top and bottom surfaces. On the right, the
blue dotted lines that are also visible in the physical form of the detector are the phonon sensors,
and the charge sensors are the thin lines between them, which are visible if we zoom in. The
colored regions in the middle are the three different phonon sensor groupings, while the colored
regions on the right are the different charge sensor groupings (inner and outer). Both are used to
help determine the energy and position of the incident particle. Pictures taken from [22, 23].
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1.2.3 Understanding Detector Response for Effective Data Analysis

In this section, we discuss the recorded data after all the processes in Figure 1.5 have completed,
and provide an overview of how it is analyzed to motivate the value high-quality simulations. An
oversimplified way of thinking about the analysis is that it has three steps: First, determining a
best-estimate reconstruction of the properties of each event, second, rejecting the subset of events
that are readily identified as not being due to well-measured dark matter interactions, and third,
analyzing the remaining set of events as being to see if it is a combination of both backgrounds
and dark matter, or just backgrounds. In an ideal detector, the time, position, and energy of each
charge and phonon produced are perfectly recorded. In the real detectors, we have only a small
number of sensors, each of which only reports the combined time and energy of all charges or
phonons that reach them. Our focus will be on the first stage of the analysis, which is the process
of looking at the outputs from the sensors and working backwards to infer what we can about the
original interaction. This process is referred to as reconstruction. Said differently, reconstruction
is the process of using the outputs from the sensors in Figures 1.6 and 1.7 to determine what the
properties are of the incoming particle in Figure 1.5. Since enormous numbers of microphysical
interactions occur between the original energy deposit and when the charges and phonons hit the
sensors, the interpretation of their readout is highly non-trivial; the better our understanding of the
processes, the higher fidelity our reconstruction will be. In the first paragraph, we highlight some
of the primary goals of the reconstruction methods. In the second paragraph, we motivate the use
of simulations as a guide for the reconstruction methods.

In principle, the ideal reconstruction could identify both the incident particle (dark matter or
standard model) and all of the relevant information about it, such as position and energy. In prac-
tice, a primary focus is on rejecting poorly-measured events, such as those that occur in locations
in the detectors where not all the charges or phonons make it to the sensors, or where the charges
fail to traverse the full voltage drop. In such cases, the readout information does not reflect the ex-
pected response for a well-measured event, so if we misinterpret the readout information as being

due to a well-measured interaction, we misclassify the event. For example, we may systemati-
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cally underestimate the energy of the interaction. This can introduce biases into our final analysis,
particularly in statistical fits that rely on modeling the full energy distributions of signal and back-
ground events [15]. The closer we can get to a precise reconstruction on an event-by-event basis,
the better the experiment sensitivity for ensembles of events.

Simulations can be used as a guide for the reconstruction methods. Following the lead of pre-
vious particle physics experiments, we simulate the full set of microscopic charge and phonon
physics processes, from the initial particle interaction to the sensor response [24, 25]. By running
many simulation events, we can effectively build a mapping between input interaction configura-
tions and their resulting sensor signals. The reconstruction of an event using an inversion of this
mapping assists in the identification of poorly-measured events and allows for an estimate of the
original interaction properties from the observed sensor data. In addition, simulations allow us to
quantitatively assess reconstruction performance and compare various reconstruction procedures
as part of an analysis optimization process. Fortunately, by including both charge and phonon
transport in a single simulation framework, we can generate consistent sensor-level expectations,
enabling a unified and physically grounded reconstruction strategy.

Having motivated the value of both high-quality reconstruction and the potential for using
simulations to help, we stop to note that the fidelity of any reconstruction based on simulation
is only as good as the quality of the simulation. A proper simulation must model the complex
trajectories of charge carriers and the scattering and propagation of phonons, taking into account
the dominant effects. In the next section, we provide an overview of the physics of charge transport

with an eye towards how it will be implemented in the simulation.
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1.3 Charge Transport in Condensed Matter and its Simulation

In this section, we overview the large number of complex processes that govern charge transport
within a semiconductor crystal and how they influence the detector response. Our focus will be on
the electron transport. We note in advance that electrons’ motion will be very different than that
in free space, and both electrons and holes can produce multiple phonons. We also note that the
description of hole transport can be described as a simplified version of the electron propagation.

The primary influences on the charge transport are the periodic potential provided by the struc-
ture of the crystal, the magnitude of the electric field, and interactions with individual atoms of
the lattice. As we will see, when quantum mechanical effects are taken into account, the potential
imposes a set of allowed energies which are direction dependent, as shown in Figure 1.8. In the
presence of an additional electric field, as shown in Figures 1.9 and 1.10, the charges accelerate
in non-intuitive ways, drift, and generate phonons as they scatter, ultimately producing a complex
arrival pattern on the detector surface. Since the sensors reside at the surfaces of the detector, accu-
rately predicting the distribution of the charge arrival positions and the number and energy of the
phonons produced becomes important for reproducing observables such as the incident particle’s
position, time, and energy.

In Subsection 1.3.1, we discuss charge transportation in a semiconductor crystal, how the struc-
ture of atoms in a crystal (band structure) affects it, and how the electric field affects charge trajec-
tories and phonon production. In Subsection 1.3.2, we provide an overview of the modeling and
simulation of the charge transport and phonon production and describe how they fit into the overall

SuperCDMS simulation framework.
1.3.1 Charge Transportation in a Semiconductor Crystal

In this subsection, we describe the dominant parts of charge transportation in a crystal lattice,
as they can differ significantly from a charge moving through a vacuum. We note that here we are
previewing the results presented in detail in Chapter 2 as the quantum mechanical calculations can

be complex. In the first paragraph, we describe how the structure of atoms in a crystal imposes
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multiple constraints on the motion of electrons within it. In the second paragraph, we overview the
very different effect an electric field has on the acceleration and trajectories of charges in a crystal
as shown in Figure 1.9. In the third paragraph, we describe the low-energy interactions charges can
have with the crystal, which are the main source of phonon production; we will refer to them as
intravalley scatterings. In the fourth paragraph, we describe the charge interactions with impurities
in the atomic structure and high-energy interactions with the crystal, which we will refer to as
intervalley scatterings.

The structure of atoms in a crystal imposes multiple constraints on the motion of electrons
within it. This includes the electrons’ usual state (attached to a lattice site), what can cause them
to get detached and be able to move throughout the crystal, and the difference between motion
in the crystal and in a vacuum. The periodic arrangement of atoms in a semiconductor crystal
imposes a repeating potential that, when taking quantum mechanical effects into account, restricts
electrons to a discrete set of allowed energies, forming direction-dependent energy bands separated
by forbidden regions [26], as shown in Figure 1.8 and referred to as a valley. At low temperatures,
while most electrons will remain with a single atom, an electron can be excited into one of the
allowed energy bands, for example, by an external particle energy deposit. When this occurs,
the electron is allowed to move. However, as the allowed energies are direction-dependent, the
curvature of the energy—momentum relation determines how they move through the lattice [27].
Ultimately, the anisotropic band structure in a crystal results in velocities and accelerations that are
in sharp contrast to the isotropic motion expected for free charges in a vacuum and plays a central
role in determining both how they propagate and where they are ultimately measured. We note
in advance that while the band structure can have an impact on hole propagation, it is especially
important for electrons; for our purposes, a hole can be effectively thought of as a charge in a
vacuum with a mass that is slightly different than that of an electron.

When an electric field is added, the accelerations and trajectories become even more different.
The response of a charge carrier to an applied electric field is, again, affected by the periodic poten-

tial of the crystal lattice structure, which affects the curvature of the associated energy bands [27].
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While holes can again be effectively thought of as free in an electric field, the acceleration and
trajectories of electrons are even more complicated, as shown in Figure 1.9. Of particular note is
that the electron’s acceleration is not necessarily aligned with the electric field. Electrons are con-
strained to be in the valleys shown in Figure 1.8. This implies that a set of electrons with identical
locations and speed magnitudes will experience different acceleration even under the same applied
field due to the direction of the charge relative to the orientation of the lattice. This anisotropic
behavior has important consequences for charge transport, as it breaks the symmetry present in
isotropic media and leads to different characteristic patterns in the arrival positions for electrons
and holes at the crystal surfaces. Understanding how the electric field interacts with the band
structure is, therefore, essential for accurately modeling the motion of charges in semiconductor
detectors.

The dominant interaction process for both electrons and holes as they drift through a semicon-
ductor is to scatter off atoms and produce phonons, as shown in Figure 1.10. These are typically
low-energy interactions such that the charge will remain in the same direction-dependent energy
band (valley); for this reason this process, typically referred to as Luke scattering [20], is also often
referred to as intravalley scattering.? In an electric field, this can be the primary source of phonons®
as well as a large influencer on the trajectories. As each scattering transfers kinetic energy from the
charge carrier to the atomic structure, the charge will typically remain in the low-energy regime
and remain in the same energy band, which means that its overall path direction is essentially the
same, but with a small zigzag component of motion, as shown in Figure 1.9. Repeated scattering
events produce a significant population of phonons along the drift path, adding to the overall avail-
able phonon population that can be measured by the detector. As the charge transport, as well as
the rate and energy of the phonon emissions, depend on both the band curvature and the applied
electric field, proper modeling of intravalley scattering is important for using semiconductor-based

dark matter detectors.

Note that even though holes can scatter from the lattice and produce phonons, since they only have one valley, the
term intravalley can be thought of as a bit of a tautology. For simplicity, we use the same term for both electrons and
holes.

3 Also known as Luke phonons.
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A charge can also interact with impurities in the atomic structure or have high-energy interac-
tions with the crystal, which we will refer to as intervalley scattering. The name comes from the
fact that an electron can scatter such that it transitions into a different valley.* Unlike intravalley
scattering, any interaction that changes the valley of an electron requires a large change in charge
momentum and therefore typically involves either an elastic scattering due to impurities in the
crystal’s atomic structure or the emission of a high-energy phonon [28, 29]. These interactions
are comparatively rare at low energies but become increasingly relevant as the electron gains mo-
mentum under an applied electric field. Intervalley scattering, therefore, plays an important role in
determining the overall distribution of electron arrival positions in semiconductor detectors.

Having concluded our overview of charge transportation in a semiconductor crystal, we can
see how the microscopic processes can affect macroscopic observables. The microscopic issues
are dominated by the quantum mechanical nature of electron interactions in a crystal lattice, which
has a large impact on the macroscopic trajectories from a particle interaction point to the arrival
of all the charges and phonons on the surface. While it is not hard to craft qualitative predictions,
reliable quantitative predictions require more sophisticated methods, for example, those that we
use in simulations. To explain how all the effects described here are simulated, we introduce the

SuperCDMS simulation, which is discussed in the next subsection.

4While this will be discussed more in Chapter 2, we note that this name is a bit of a misnomer for holes as they
cannot change valleys; holes reside only in one band maximum in our model. Holes can undergo impurity interactions,
but the name intervalley is still used as it only has a noticeable effect for electrons.
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Figure 1.8: The solid curves in this figure show a simplified cartoon of the allowed energy vs.
wavevector (described in more detail in Chapter 2 but for now can be thought of as being a direc-
tion) for an electron in a semiconductor with a single energy band in the conduction and valence
regions. We show it because the allowed energies depend on the direction of charge propagation in
the conduction band. The existence of direction-dependent energy bands causes the trajectories of
electrons through a semiconductor to be different than those expected for a free electron, as shown
in Figure 1.9. We also note that in the conduction band, we refer to directions in which the energy
is minimum as valleys. We note that in silicon and germanium, there are multiple directions that
have the same minimum energy due to the crystal symmetry, which we will explain in more detail
in Chapter 2, and a more complete version of this figure will be shown in Figures 2.6 and 2.7.
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Figure 1.9: This figure shows a cartoon of how a single example electron moves in an anisotropic
semiconductor crystal with an electric field like those used in the SuperCDMS detectors. We show
this to illustrate the combination of the two dominant effects: under an electric field, an electron
will accelerate in a direction different from the electric field [27, 30], and the zigzag motion that
occurs due to scatterings along its path. The combination of the accelerations and scatterings
produces a large number of phonons, as shown in Figure 1.10.
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Figure 1.10: This figure shows a cartoon of phonons being emitted from electrons during prop-
agation in an anisotropic semiconductor crystal with an applied voltage across it, like those used
by SuperCDMS detectors. We show this because both electrons and holes (not shown) scatter and
emit phonons. In both cases, this causes their path to have a zigzag trajectory [20], and can produce
enough phonons for a measurement, especially for large voltages.
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1.3.2 Charge Transportation Modeling in SuperCDMS Detector Simulation

In this section, we provide an overview of the modeling and simulation of the charge and
phonon transport and describe how it fits into the overall SuperCDMS simulation framework. In
the first paragraph, we provide an overview of the different parts of the SuperCDMS experiment
simulation as shown in Figure 1.11. In the second paragraph, we describe the advantages and
limitations of the primary simulation framework, Geant4 [31], for our work. In the third paragraph,
we discuss the custom addition of the Geant4 Condensed Matter Physics, G4CMP [32], charge
transportation modeling, as well as its status prior to the start of this work, as well as how we will
improve it.

The SuperCDMS experiment simulation consists of different parts, as shown in Figure 1.11.
The simulation is built on top of the Geant4 toolkit, which provides the geometry and infrastruc-
ture for modeling the properties and interactions of particles in different materials. Within this
framework, the event generation begins with a source simulation that models the initial particles
entering the detector volume. Such a source can be either a standard model particle as a back-
ground source or a dark matter particle. These events are then passed to the detector simulation
stage, which incorporates several specialized modules: the crystal simulation, implemented us-
ing the G4CMP extension to model charge and phonon transport in the semiconductor, the sensor
simulation, which describes the response of the readout channels, and the noise simulation, which
models the electronic and thermal fluctuations present in the real experiment. The combined output
of these components produces a set of data in the same format as that recorded by the physical de-
tectors. The charge and phonon data are then processed through the reconstruction pipeline, which
extracts best-fit results for quantities like position and energy and produces the final processed data
used for analysis. This structure allows the simulation to replicate the full experimental chain from
particle interaction to final analysis-level observables. We note that the focus of this thesis is on
improvements to the crystal simulation.

The primary simulation framework, Geant4, has multiple advantages and limitations for our

work. Geant4 serves as the foundation of our simulation framework because it provides a mature
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and widely validated toolkit for modeling particles, their propagation and interactions, and detector
geometry. Its modular design allows the integration of custom physics processes and supports com-
plex geometries and realistic material descriptions, making it well-suited for large-scale detector
simulations such as SuperCDMS. However, Geant4 represents charged particles using a classical,
point-like description and does not natively support the quantum-mechanical behavior of elec-
trons and holes in a semiconductor crystal. In particular, the anisotropic band structure, direction-
dependent acceleration, and scattering processes that govern charge transport in a semiconductor
are not included. To model these effects within the Geant4 infrastructure, G4CMP adopts a semi-
classical, particle-like approximation for electrons and holes that captures the quantum mechanical
features of their motion while remaining compatible with Geant4’s trajectory-based tracking.

The G4CMP framework is extended in this work to improve its charge transport modeling
by addressing limitations in its earlier implementations and incorporating a more complete semi-
classical description of charge motion in semiconductor crystals. Before this work, the G4CMP
framework provided only a partial implementation of the physics governing charge transport in
semiconductor crystals; for example, it only included simplified assumptions about the band struc-
ture. The results of this version did not match our expectations from the theory, including energy
conservation issues. The work in this thesis describes the extensions of the crystal simulation
component of G4CMP to incorporate a semiclassical transport model that captures the full set of
quantum mechanical effects overviewed in the previous paragraphs and described in detail in the
coming chapters. These additions provide a physically motivated, direction-dependent description
of charge motion compatible with the Geant4 infrastructure, enabling the detector simulation to
more accurately reproduce the behavior of electrons and holes in silicon and germanium crystals
that can be compared to test-bench results, and used by the experiment for the search analysis.

Having concluded our discussion of charge transportation modeling in the SuperCDMS detec-
tor simulation and our plans for enhancing it, as the main goal of the thesis, we now provide an

overview of the thesis to help us understand the big picture of its different parts.
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Figure 1.11: This figure shows how the custom charge and phonon transport simulations in this
work, labeled Crystal Simulation, fit into the entire SuperCDMS simulation framework, which
starts at the top and works its way downward. We show it because while SuperCDMS uses the
Geant4 toolkit to simulate both the source (incident particles in Figure 1.5) and the detector sim-
ulation, in this work we focus on the modeling of charge transportation in anisotropic semicon-
ductor crystal using the custom software package known as Geant4 Condensed Matter Physics
(G4CMP) [32]. Note that the figure includes a number of components that come after the crystal
simulation but are not used in this work. They include the sensor and noise simulation components
as well as the parallel structure for data from the detector and how it is processed on the right-hand
side.
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1.4 Overview of the Thesis

In this thesis, we focus on the physics and simulation of electron transport in low-temperature,
single-crystal solids to assist with our experiments. Our goals include building a deep understand-
ing of the quantum mechanical behaviors, an intuitive understanding of the expectations of their
effects in macroscopic observables, a working simulation that models the dominant effects, and
evidence that the simulation matches our expectations. While we have covered the basics, achiev-
ing these goals will take a number of steps and a clear path forward. Since the detectors work by
observing charges collected by sensors, we study what happens to free electrons that originate in-
side the detector and focus on the macroscopic distribution of their arrival positions on the surface.
As we will see, many of the various microscopic effects will individually produce complex macro-
scopic outcomes. In combination, the complexity rises further. The steps towards our goal begin
with a proper understanding of the quantum mechanical description of charge transport inside a
crystal lattice, as well as the various interactions that a charge can have along its trajectory. We
then move to providing intuition about the impact of each effect by taking advantage of the ability
of simulations to allow for turning them on and off one at a time. Specifically, we can simulate a
large number of electrons emitted from a point in a hypothetical detector in various configurations
and record their arrival distribution. These results can be compared to both expectations as well as
to a set of test-bench results, shown in Figures 1.12 and 1.13.

With our overview of the motivation, goals, and path complete, we next give a more detailed
description of the rest of this document. In Chapter 2, we describe the most modern theoretical
understanding of the charge transportation in crystal semiconductors, including a wave-like and
particle-like description of the charge motion, the different energy levels and energy bands, and
the scattering effects with an eye towards how to model the quantum mechanical nature of the
charge transportation with a particle-like description. In Chapter 3, we introduce a number of
physically motivated approximations to create a particle-like model for charge transport in solids,
and analyze how atomic structure, electric fields, and scattering effects affect the arrival positions.

In Chapter 4, we introduce a toy simulation that includes only the effects described in Chapter 3,
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to help us form intuitive expectations for both the macroscopic (arrival patterns on the top surface)
and microscopic (charge propagation) behaviors of electrons in both the absence and presence of
each of these effects. In Chapter 5, we showcase the full SuperCDMS crystal simulation results
with G4CMP after the inclusion of our modeling upgrades and compare them to both our expec-
tations formed in Chapter 4 and the experimental data. In Chapter 6, we outline directions for
improving the modeling of the scattering, how the modeling framework developed in this thesis
may be applied beyond the SuperCDMS experiment for quantum computing, and we conclude the

thesis by commenting on our hopes for the upcoming SuperCDMS experiment at SNOLAB.

-~
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Figure 1.12: This figure shows an example set of experimental results for the arrival positions
of electrons at the top surface of a 10 mm x 10 mm X 4 mm silicon crystal test device with a
monoenergetic source at the center. We show this because it is an example of a result that we
expect to be able to simulate and compare with. We note that in this case, the crystal has a [111]
orientation (more on that in Chapter 2), a temperature of 5 K, and a —4 V potential applied. Picture
taken from Ref. [33].
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Figure 1.13: This figure shows an example set of experimental results for the arrival positions of
electrons at the top surface of a 3.89 mm x 10 mm x 10 mm high-purity germanium crystal test
device with a monoenergetic source at the center [34]. We show this because it is an example of a
result that we expect to be able to simulate and compare with. We note that in this case, the crystal
has an orientation of [101], a temperature of 1 K, and a —2 V potential applied. Picture taken from
Ref. [34].

30



2. QUANTUM MECHANICAL DESCRIPTION OF CHARGE PROPAGATION IN
SEMICONDUCTOR CRYSTALS

In this chapter, we introduce the quantum mechanical description of the behavior of charge
carriers in semiconductor crystals, following the discussions in Refs. [26, 27, 30, 35, 36]'. The
inclusion of the quantum effects is essential for accurately modeling and interpreting the response
of semiconductor-based dark matter detectors, such as those used in the SuperCDMS experiment.
Unlike classical motion in a vacuum, charge transport in a crystal must take into account the wave-
like description of charges, which leads to a macroscopic description that can be significantly
different from motion in free space.

The motion of charges in a semiconductor is governed by the allowed set of energies, a toy ex-
ample of which is shown in Figure 1.8, featuring direction-dependent maxima and minima (known
as valleys) that lead to anisotropic dynamics arising from the crystal lattice’s structure. We note in
advance that, since there are currently no simulation tools capable of directly modeling this wave-
like behavior within the context of detector-scale particle transport, we will need descriptions that
are not only well-motivated but lend themselves to an effective particle-like description, ones that
retain the essential quantum features of the system. That stage of the modeling will be described in
Chapter 3 and implemented in the custom Geant4 Condensed Matter Physics (G4CMP) simulation
package, which is an extension of the longstanding Geant4 software framework.

As we will see, the details of the geometry of the crystal lattice lead to different valleys in
materials like silicon and germanium. While most electrons will be bound to an atom in the
lattice, electrons that gain enough energy will detach from their original atom and behave as a
mobile negative charge, while the absence of the electron in the atom behaves like a mobile pos-
itive charge, called a hole. At low energies, the motion of electrons and holes can be separately
approximated using the typical vacuum equations, but with effective direction-dependent masses

around the minima and maxima of the relevant allowed energies, that reflect the symmetries of

!For simplicity, we will only add references for material outside the scope of those texts.
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the underlying crystal. While both electrons and holes can move freely between atoms, they may
also scatter off the lattice or other particles, changing their momentum and energy in ways that can
produce lattice vibrations (we will refer to these as phonons because of their particle-like nature
in a solid), which must be accounted for in any realistic transport model. We note in advance that
many of the upcoming results are only relevant for electrons, as they are the real particles. The
transport of holes can be thought of as being determined by a simplified subset of the effects; we
will be explicit when results affect electrons only, and refer to charges when both are affected in
similar ways.

The style of this chapter will be a combination of derivations and quoted results, with the
primary goal of providing a qualitative but intuitive sense of the quantitative modeling used in later
chapters. In Section 2.1, we begin by describing the most relevant aspects of the wave-particle
duality of electrons to set the stage for how quantum mechanical calculations produce results that
differ from classical predictions. In Section 2.2, we provide an overview of the results for the
general description of charges in solids, which includes the allowed energy bands, and show the
primary implications for the specific case of single crystals. In Section 2.3, we use the periodic
structure of the crystal to calculate the allowed energy states. In Section 2.4, we describe how,
near specific extrema, the motion of charges in these states can be approximated as particle motion
with either a modified scalar effective mass or a direction-dependent mass. Finally, in Section 2.5,
we outline the scattering processes that influence charge motion, which must be included in any

realistic description of nature.
2.1 Wave-like Vs. Particle-like Description of Charge Motion

In this section, we begin with a simplified description of the quantum mechanical framework re-
quired for calculating the motion of charges in semiconductor crystals to illustrate the non-classical
(and non-intuitive) behaviors. A proper use of the most relevant quantum mechanical terms, their
meanings, and how they are related to each other through the Schrodinger wave equation that
governs their motion is essential for understanding and describing how charge carriers propagate,

especially in anisotropic crystals like silicon and germanium. In the first paragraph, we use the
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example of the famous double-slit experiment to highlight the most important wave-like properties
of particles. In the second paragraph, we bring in the Schrodinger equation for quantum behavior
and explain its use for describing charges in free space. In the third paragraph, we describe how
the wave-like quantum modeling can be readily used as as part of a particle-like description of
electron motion in crystals.

The double-slit experiment highlights the most important wave-like properties of particles [37,
38]. It reveals that electrons, when passed one at a time through two slits, form an interference pat-
tern characteristic of wave behavior. As shown in Figure 2.1, even though electrons are emitted and
detected as discrete particles, the pattern on the detection screen shows the wave-like interference
between multiple possible paths.

The Schrodinger equation can be used to describe the quantum behavior of charges in free

space. The time-independent Schrodinger equation for a particle of mass m is written as:

H() = |~V + V()| 607 = Bulo), 2

where H is called the Hamiltonian, 7 is the position of the particle, ¢(7) is the particle’s wave-
function, V' (7) is the potential imposed on the particle, E is the total energy, and £ is the reduced
Planck constant. In free space, the potential V' (7°) will be zero, and the wavefunction solution is
interpreted as describing how the probability amplitude of finding the particle varies in space [39].

In this case, the solutions to this equation are plane waves, given by

D(F) = oe’™ T, (2.2)

where 1)y is the amplitude of the wavefunction, k is the wavevector, and the corresponding energy

is given by:
h2k?

om

E(k) = (2.3)

This description allows for a direct representation of the waves’ momentum through p’' = hk, and
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its direction determines the direction of wave propagation, as illustrated in Figure 2.1.

The wave-like quantum modeling can be readily used as part of a particle-like description
of electron motion in crystals. Since electrons are fundamentally described by wavefunctions,
we can approximate their particle-like behavior as the superposition of many plane-wave states
with wavevectors clustered around a central value Eo, and refer to this as a wave packet. We can
associate the position and velocity of the wave packet using simple relations. Specifically, if the
electron is described by a wave packet centered at wavevector /ZO, we can associate the electron

velocity with the average group velocity, which is given by

7, = ViE(k). (2.4)

As long as the wavevector distribution of the plane waves that construct the wave packet remains
narrow and do not spread significantly, the motion of the wave packet resembles that of a classical
particle. This approximation forms the foundation of semiclassical transport models and remains
reliable even when the potential energy terms are added to the Schrodinger equation. While the
solutions are non-trivial for solids in general, the special case of the periodic atomic structure
in crystals allows us to accurately model electron dynamics, using the techniques described in
Chapter 3.

Having introduced the wave-particle duality and the Schrodinger equation to effectively de-
scribe the motion of electrons as a wave packet, we are now prepared to examine how periodic

potentials in solids modify the energy-momentum relationship and give rise to energy bands.
2.2 Energy Bands and Electron and Hole Transport in a Solid

In this section, for pedagogical reasons, we summarize the results of the calculations that de-
scribe the allowed propagation of charges in solids before deriving them for the special case of
crystals in Section 2.3.2. The primary results are that only certain energies, as shown in Fig-
ure 2.2 are allowed, referred to as energy levels, and that these allowed energy levels are direction-

dependent, as shown in Figure 1.8. Both will have significant implications for charge transport and
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Figure 2.1: This figure shows three different views of the famous double-slit experiment, but using
electrons [37, 40]. We show it to illustrate the quantities of the wave and particle-like nature of
electrons. In the propagation schematic on the left, the wavevector k can be defined with the
direction of electron wave propagation (same direction as k on the figure) and magnitude |k| = 27”
where ) is given by the de Broglie wave relation. The constructive interference peaks shown in the
middle figure as bright regions occur for the cases where the path lengths corresponds to an integer
number of wavelengths, which is satisfied when A\ = dsinbn where d is the distance between
the two slits, » can be any integer number, and 6,, is the angle of the n’th Bright spot relative to
the center of the slits. Experimental results for individual electrons are shown on the right from
Ref. [41].

how solids are used in detectors.

There is value in defining a number of terms. Solids that easily allow for charge movement are
referred to as conductors, those that do not allow for charge movement are known as insulators,
and solids in between are known as semiconductors. The set of allowed energy levels can be
closely spaced, and when this occurs, it is referred to as an energy band. Additionally, significant
energy separation between different energy bands in a solid can occur, which is described as a band
structure for the material, and when there is a significant energy difference between the energy
bands, we refer to that as a band gap. In the first paragraph, we describe the significant differences

between the allowed motion of electrons in the set of bands shown in Figure 2.2, which gives rise
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to why they are referred to as the valence band and the conduction band. In the second paragraph,
we describe how the magnitude of the bandgap provides a useful separation between the properties
of solids and motivates their categorization into conductors, insulators, and semiconductors. In
the third paragraph, we describe a useful property of semiconductors, which is that when the band
gap is small, electrons in the valence band can be readily excited into the conduction band in an
interaction, propagate, and scatter off the lattice, creating phonons. In the fourth paragraph, we
take a moment to point out that the combination of a small bandgap and the ability of charges
to move through the crystal, be guided under an electric field, and produce phonons, which can
also freely propagate like a particle, is what makes them useful as detectors for experiments like
SuperCDMS.

There are significant differences between the allowed motion of electrons in the set of bands
shown in Figure 2.2, which gives rise to why they are referred to as the valence band and the
conduction band. A solid in an equilibrium state can be thought of as a large number of electrons
surrounding fixed atomic sites, where each has settled into its lowest available energy state. The
lowest available electron energy states can be thought of as simply being attached to the atom; for
our purposes, they can be thought of as effectively being stationary. As these electrons reside in
the outer valence shell of the atom, they are referred to as being in the valence band. As individual
electrons are allowed to have higher energies, and these energies can be thought of as being due to
their motion through the solid, those energy states are referred to as being in the conduction band.

The magnitude of the bandgap provides a useful separation between the properties of solids
and motivates their categorization into conductors, insulators, and semiconductors. In conductors,
the valence and conduction bands overlap, allowing free electron flow at all times. In insulators,
the band gap is large, and electrons remain bound, inhibiting conduction. Semiconductors occupy
the intermediate regime where thermal or interaction energy can excite electrons from the valence
band into the conduction band. The absence of an electron in the outer valence shell can be thought
of as a "hole".

A useful property of semiconductors is that when the band gap is small, electrons in the va-
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lence band can be readily excited into the conduction band in an interaction, propagate, and cause
phonons in the atomic structure when they collide with the lattice. As the conduction band is not
fully occupied, electrons can move from the conduction band of one atom to that of another atom,
effectively moving in the solid, which is the basis of the charge propagation in solids. Since valence
electrons can also move between atoms, this allows for the convenient description of the location
of the hole left behind as the motion of a single positive charge carrier. Both charge carriers can
travel through the semiconductor and propagate in ways that are significantly affected by the lattice
structure. Moving to the special case where the solid consists of atoms in a single-crystal lattice
structure, the energy levels and motion of the charges become simpler to describe, as both are read-
ily described by Equation 2.1, but where the potential is periodic. The same is true for phonons, as
they can be created from any type of interaction with the lattice and they can propagate through the
crystal with a particle-like motion. These processes will be described in more detail in Section 2.5.

The combination of a small bandgap and the ability of charges to move through the crystal,
be guided under an electric field, and produce phonons, which can also freely propagate, is what
makes semiconductors useful as detectors for experiments like SuperCDMS. This is especially
true when they are placed under an external voltage. When a dark matter particle or a standard
model particle interacts with the detector and deposits energy, as shown in Figure 1.5, it not only
excites electrons, which create a corresponding number of holes, but both will be accelerated by
the external voltage, interact with the atoms, and produce phonons. By recording the energies of
the final set of charges and phonons, we can make inferences about the energy and type of the
incident particle.

Having introduced the concept of band structure and its general impact on charge propagation,
we proceed to examine the specific geometry of the atoms in silicon and germanium crystals,
which enables us to provide a quantitative description of the transport by their energy bands. We
will switch to providing more of the derivations, as the calculations for solids with symmetric
atomic structures can help elucidate the understanding of the details of charge transport. Since the

system is more complicated than propagation in free space, we will introduce some useful concepts
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based on the symmetries of the lattice for use in our calculations, for example, the concepts known

as the Brillouin zone and the reciprocal lattice.
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Figure 2.2: This figure shows a simplified cartoon of the allowed energy levels for electrons
grouped as energy bands for three different types of solids referred to as insulators, semiconduc-
tors, and conductors. We show it because the energy determines whether an electron is attached to
the lattice (valence band and below) or free to move within the solid (conduction band and above),
and the energy difference between those bands can give the solid different properties. We note that
in semiconductor crystals, which are the focus of this work, an external energy deposition larger
than the band gap can excite an electron from the valence band into the conduction band, where
it can propagate. We also note that, as shown in Figure 1.8 and in more realistic detail in Figures
2.6 and 2.7, the energy levels in semiconductors are also dependent on the direction of the charge

carrier’s wavevector.

2.3 Energy Band Structure in Semiconductor Crystals

In this section, we derive how the periodic structure of the atoms in a crystal determines the

energy levels available to electrons and holes, and how this gives rise to the formation of complex

anisotropic energy bands that are dependent on the charge’s wavevector, as shown in Figure 1.8.
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Understanding these energy bands is essential for particle-like modeling of charge transport at the
microscopic level, which is our goal in Chapter 3. To do this, in Subsection 2.3.1, we describe the
periodic atomic structure of silicon and germanium in real space and explain how this periodicity
leads to a corresponding structure in wavevector space. As we will see, a description of the lattice
symmetry in terms of wavevectors, a concept known as the Brillouin zone, allows us to use the
geometric framework to quantitatively determine the properties of the energy bands. In Subsec-
tion 2.3.2, we use the Schrodinger equation with a periodic potential to derive the most important

properties of semiconductors.
2.3.1 Crystal Lattice Structure and First Brillouin Zone

In this section, we describe the underlying crystal structure of semiconductors, such as sili-
con and germanium, to explain the spatial periodicity of the potential and how this periodicity
leads to a corresponding structure in wavevector space. We also introduce two concepts, known
as reciprocal space and the Brillouin zone, for use in calculations. In the first paragraph, we de-
scribe the periodic atomic arrangement in real space and define the crystal lattice. In the second
paragraph, we illustrate how the periodic atomic arrangement of silicon and germanium leads to a
spatially repeating potential that determines charge transport behavior. In the third paragraph, we
define the concepts of both a reciprocal lattice and the first Brillouin zone, as well as how they are
constructed, and why they are useful for describing how the symmetries of the real-space lattice
can be used to describe similar symmetries in the electron’s set of allowed wavevectors. In the
fourth paragraph, we identify the high-symmetry directions and points within the Brillouin zone,
which are useful for identifying the axes that will be most important for our discussion of charge
transportation in Subsection 2.4.2.

The periodic atomic structure of semiconductors like silicon and germanium, shown as in Fig-
ure 2.3, can be used to explain the origin of their symmetry and the constraints it places on electron
motion, such as the periodic potential, which is crucial to solving the Schrodinger equation dis-
cussed in Subsection 2.3.2. A useful way to describe the crystal lattice is to think of the smallest

group of atoms in the lattice that reflects the overall symmetry, such that the entire lattice can be
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built up by repetition in three dimensions. This group is referred to as a unit cell, where one atom
is at the origin (0,0,0). Both silicon and germanium have a unit cell that can be described as a
two-atom basis face-centered cubic (FCC) structure where the second atom is located at (le i, %)
This structure is known as diamond cubic. Because the atomic pattern is the same in every cell, we
can use the fact that the physical properties of the crystal remain the same in certain directions.
The periodic atomic arrangement of silicon and germanium leads to a spatially repeating energy
potential that governs charge behavior. The particles in the atoms effectively provide an electro-
magnetic potential for nearby electrons. Since the crystal lattice of both silicon and germanium is
periodic, some physical properties, including this potential, are also periodic. This means that if

we write the potential energy as a function of position, U (7, it satisfies the condition
U(F) = U(7+ R), (2.5)

for any R that connects one lattice point to another equivalent point in the crystal, referred to as a
lattice vector. In other words, the electron sees exactly the same environment whether it is near one
atom or another, which governs the quantum mechanical motion of charges through the material
and ultimately results in the curved valence and conduction bands shown in Figure 1.8.

For pedagogical reasons, we describe and define both the reciprocal lattice and the first Bril-
louin zone in advance of their use in calculations. Each will be useful for describing how the
symmetries of the real-space lattice play a role in describing similar symmetries in the allowed set
of electrons’ wavevectors, which is essential for determining the allowed electron wavefunctions
and energy bands in Subsection 2.3.2. In advance of the calculations, we note that the solutions of
the wave equation in Equation 2.1 are expected to correspond to plane waves but with additional
boundary conditions imposed by the periodic atomic arrangement; there will be similarities be-
tween the periodicity in the real-space crystal structure and the allowed set of wavevectors. Since
one can think of the wavevectors as being a Fourier transform of the position (or Fourier space),

one can define the set of wavevectors that are solutions to the periodic potential as also having a
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periodic structure; this set of wavevectors is what is referred to as the reciprocal lattice. With this
definition, we further define the first Brillouin zone as the region in reciprocal space that is closer
to the origin than to any other reciprocal lattice point, as illustrated in Figure 2.4. As we will see in
Subsection 2.3.2, while electrons can have any wavevector, all physical properties are periodic in
reciprocal space, so any k outside the Brillouin zone can be translated back into it without changing
the physical content of the state, which means that it contains all the physically distinct wavevec-
tors. The same is true for holes. Thus, the symmetry of this zone is useful both in describing the
symmetry of the real-space lattice as well as how the energy of any charge varies with direction.

The three-dimensional high-symmetry directions and points within the Brillouin zone, as shown
in Figure 2.5, can be used to establish the axes that will be most important for our discussion of
charge transportation in Subsection 2.4.2. These directions correspond to specific paths between
high-symmetry points such as the center (I' = [000]), the zone edges (X = [001] in silicon), and
the corners (L = [111] in germanium). Later, we show that these directions determine where
energy extrema, such as conduction band minima, are likely to occur.

Having defined the crystal lattice and introduced the Brillouin zone and its high-symmetry
directions, we now turn to solving the Schrodinger equation for these special cases. In the next
section, we show that in a periodic potential, the electron states can be written as a plane wave mul-
tiplied by a lattice-periodic function (Bloch’s theorem), and how it leads directly to the formation

of energy bands and valley structures in silicon and germanium.
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Figure 2.3: This figure shows the diamond cubic crystal structure typical of silicon and germanium.
We show it because it illustrates how the crystal can be described as a face-centered cubic (FCC)
lattice with a two-atom basis. The blue atoms form the FCC lattice with one atom at the origin
(0,0,0) and the red atoms form the basis, offset by (3, 1, 7). This repeating unit forms the real-
space crystal lattice, which underlies the periodic potential that governs the motion of electrons.
The periodic structure shown here leads directly to the definition of the reciprocal lattice and the

construction of the Brillouin zone in Figures 2.4 and 2.5.
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Figure 2.4: This figure shows a wavevector space where each location anywhere in the space
indicates an allowed wavevector for a face-centered cubic (FCC) crystal lattice structure as shown
in Figure 2.3. We show it because, with the aid of the lines and pink regions, it allows for the
definition of the Brillouin zone, which can be used to specify the full set of allowed wave states
and energies for both silicon and germanium crystals. The point in the center of the pink region,
the origin, corresponds to the I' point, where k = 0. The points surrounding it correspond to
the reciprocal lattice vectors, where their position indicates both the magnitude and direction of
the corresponding wavevector k relative to the origin. The lines indicate the symmetry directions
along the reciprocal lattice vectors, such as the high-symmetry paths connecting I' to X or L. The
pink region, centered on the origin and bounded by the bisector along each line to the nearest-
neighbor point along the line, is known as the first Brillouin zone. Taken from [42].

42



L directions in Brillouin Zone X directions in Brillouin Zone

Figure 2.5: This figure shows a three-dimensional version of the same lattice in Figure 2.4, which
allows us to see the full set of directional definitions. We show it because the directions defined
by the Brillouin zone are useful for describing wave propagation. In the left figure, we show the
directions along the edges of the Brillouin zone, which is defined as L = [111] along with its
variations. The directions situated along the zone boundaries are known as the X = [001], and are
shown along with its variations in the right figure. The center of the Brillouin zone is known as
I' = [000]. Taken from [35].
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2.3.2 Solutions to the Schrodinger Equation in Semiconductor Crystals: Bloch’s Theorem

In this section, we use the Schrodinger equation with a periodic potential to derive the most
important properties of semiconductors. This will involve several steps, and we will proceed with
a combination of derivations where useful and references for others. We start with calculations
of the form of the electron wavefunction in a crystal, as it provides the fundamental result that
the allowed wavefunctions are constrained by the periodicity of the lattice and can be expressed
as a product of a plane wave and a lattice-periodic function. Using the concepts of the Brillouin
zone, we can show that both the wavefunctions and the corresponding energy levels are periodic in
wavevector space, and that the energy spectrum forms continuous bands that exhibit local extrema
as shown in Figures 2.6 and 2.7 for silicon and germanium. This will have enormous implications,
including a band gap between the valence and conduction bands, as well as allowing for simple
transport descriptions at low energies. In the first paragraph, we show how translational symmetry
in the potential imposes mathematical constraints on the electron’s wavefunction. In the second
paragraph, we demonstrate how these constraints result in energy bands and explain why the energy
levels in a semiconductor depend on the charge’s wavevector. In the third paragraph, we explain
why the Brillouin zone alone can fully describe the energy bands. In the fourth paragraph, we focus
on the interpretation of the valleys in the low-energy limit for silicon and germanium, as they will
prove useful in describing charge transportation in our devices. In the fifth paragraph, we report
quantitative numbers on the silicon and germanium band gaps, as they represent the minimum
energy required to excite an electron from the valence band to the conduction band, which is a
crucial concept to consider when studying how a detector responds to an incident particle.

The Schrodinger equation for an electron in a crystal can be used to show how translational
symmetry in the potential leads to mathematical constraints on the electron’s wavefunction. We
begin by noting that the single-electron Schrédinger equation in a crystalline solid is a special case

of Equation 2.1. To distinguish this special case, we can rewrite it using different notation for the
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mass and potential:
2

H(F) = [—h—ow n U(f)] () = (), 2.6)

2m

where my is the free electron mass, U (7) is the periodic potential produced by the atomic lattice,
and e is the resulting allowed energy. As stated in Equation 2.5, the defining property of the
potential is that it is invariant under lattice translations. We define the lattice translation operator

T'z, which acts on a wavefunction as
Try(r) = (T + R). (2.7)
We can see that the operator 7z commutes with the Hamiltonian:
[H,Tx] =0, (2.8)
which implies that the eigenfunctions of /' can be chosen to also satisfy
Tp(r) = Ago (), (2.9)
where ) ; is the eigenvalue of the translation operator. We also have:
Ty T (7)) = Ty, Tg 0(F) = Tg,, g, ¥(F) = O(F + Ry + Ry). (2.10)

Therefore, we have:

B, (2.11)

which is true for:

Ap = eF R, (2.12)
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for some vector k. Additionally, we have:

A

Tap(7) = (7 + R) = Ao (7) = & Fap(7). (2.13)

This defines the allowed phase change under translation and introduces the wavevector k as a
conserved quantum number.

For each fixed wavevector k, the Schrodinger equation can be simplified to a different eigen-
value problem with a periodic wavefunction, which means the energy levels are a function of

wavevector k that includes its direction. The relation
Yp(7+ B) = "By (7) (2.14)

implies that +/z() cannot be periodic, but its magnitude and phase repeat modulo a phase factor.

To take advantage of this we define a function u(7") by
V() = e Tug(7), (2.15)

which allows us to write:

- — -

—

FC (P B) = i+ B) = " () = O ug (), (2.16)
which shows that u(7) is lattice-periodic
ug(7+ R) = (7). 2.17)

This is Bloch’s theorem: in a periodic potential, the eigenfunctions of the Hamiltonian can be
written as a plane wave multiplied by a lattice-periodic function. Since each value of k corresponds

to a different eigenvalue problem, by inserting Equation 2.15 into Equation 2.6 the Schrodinger
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equation at fixed k: becomes:

LR U | w o (7) = en(Fyu (), 2.18)
2m0

where the ik comes from applying the \Y operator on R in Equation 2.15, p = —ihV is the
canonical momentum operator, and n labels the discrete set of solutions of the Bloch eigenvalue
problem often referred to as the energy band quantum number. The solutions to each of these
eigenvalue problems will give us the energy levels at that fixed k, and combined with all possible
values for & form the energy band structure for the semiconductor.

The set of wavevectors that are solutions to the periodic potential, known as the reciprocal
lattice, simplifies the interpretation of the energy bands. This is enabled by expanding the real-

-

space description of u(r) in Equations 2.15 and 2.17 into a Fourier series, which allows us to see
why the Brillouin zone alone can fully describe the energy bands. The exponential term R 7 in
Equation 2.15 describes a plane wave with crystal momentum i, while the function ug(7) encodes

the effect of the atomic structure on the electron’s behavior as seen in Equation 2.17. Because

uz(7) has the same periodicity as the lattice, it can also be expanded in a Fourier series via:

up(f) =Y cge®, (2.19)

GeG

where ¢ is the set of expansion coefficients, G describes a vector that is periodic under translation
and readily identified as a reciprocal lattice vector, and the full set of such vectors is given by G.

For any lattice vector ﬁ we have:

up (7 + é) = Z céeié'(ﬂ“é) = Z céeié'ﬁeié'F. (2.20)
GeG GeG

Due to the periodicity of u;(7) shown in Equation 2.17, we have:

¢GR 1, 2.21)



which shows that G - R € 277, where Z is the integers group, for all reciprocal lattice vectors
G € G and lattice vector R. This is the defining condition of reciprocal lattice vectors in G as was

illustrated in Figure 2.4. By adding this into the wavefunction 1);(7), we can write:
Ypl(®) = Y cqelHOT, (2.22)

which shows that the wavefunction is a superposition of plane waves with wavevectors k+G.

Shifting the wavefunction by any reciprocal lattice vector Go € G, we have:
Ui (7) = D eqe OO (2.23)

But as ¢iC0f = 1 by definition of Gh, for all vectors G € G we have:

Z(Go-‘rG)-R — GZGO.RGZG.R — 1

: (2.24)

which means that the group of Go + G is the same group as G. This means that the wavefunctions

in Equation 2.23 are just a relabeling to G =G+ G} with shifted coefficients:
Ui = D car g (2.25)

Thus, the Hamiltonian matrix is periodic in E—space: it has the same structure at k and k + G
for all G € G, leading to the same eigenvalue spectrum when shifting by a reciprocal lattice
vector. Therefore, for every eigenfunction ¢/ and reciprocal lattice vector G € G, there exists an
eigenfunction at k + G with the same energy. As the set of eigenfunctions is a complete basis for

the Hilbert space, we can define the eigenfunctions so that:

Vir, () = Pp(7). (2.26)
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This indicates that the wavefunctions are unique only up to a constant reciprocal lattice vector,
meaning that the Brillouin zone alone can fully describe all the energy bands.

We now transition from a general description to a focus on the interpretation of the energy
band in the low-energy limit for silicon and germanium, demonstrating that they exhibit extrema,
which we will refer to as valleys when considering minima in the conduction band. Because the
wavefunctions of electrons in a crystal obey Bloch’s theorem, they are periodic in both physical
space and wavevector space. Specifically, in Equation 2.26 we showed that the wave functions of a
periodic potential are periodic in the reciprocal space. As a result, the energy e(E) must also satisfy

periodic boundary conditions in reciprocal space:
e(k+G) = e(k). (2.27)

As the energy bands are continuous, this periodicity implies that multiple extrema can occur within
the Brillouin zone. It can be shown [26] that there are minima at high-symmetry points such as
X or L as shown in Figure 2.5. In anisotropic semiconductors like silicon and germanium, the
minimum appears at these high-symmetry points, forming what are referred to as valleys. In
silicon, the conduction band has six equivalent minima located along the X directions, specifically
at £[100], +[010], and +[001], as shown in Figure 2.6. These valleys are degenerate and define the
dominant transport directions at low temperature. In germanium, the valleys are located along the
eight L directions, i.e., [111], &[111], £[111], and £[111], as shown in Figure 2.7. These valleys
also form degenerate energy minima and determine the directions in which low-energy electrons
propagate. The maximum, in the valence band, describes the motion of holes; while this can be
thought of as a valley, that term is usually reserved for the motion of electrons in the conduction
band. In both materials, the valley structure reflects the underlying crystal symmetry and strongly
influences the anisotropic behavior of carriers.

Since the methods for calculating the numerical values of the energy band extrema for specific

crystals are outside the scope of this work, we simply report the band gap energies. These numbers
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are needed for simulation modeling as the band gap represents the minimum energy required to
excite an electron from the valence band to the conduction band, which directly affects how a
detector responds to an incident particle. In silicon, the band gap is temperature-dependent and

can be approximated as [43]

. 4.73 x 107472
ESNT) =1.166 — AV 2.28
5 (T) T1+636 (2.28)

where T is the temperature. At cryogenic temperatures (e.g., 7' = 50 mK), the band gap is

effectively Egi ~ 1.166 eV. Similarly, for germanium, the band gap is given by [43]

4.77 x 107472

EJ(T) = 0.7437 —
o (1) = 07437 T +235

V, (2.29)

which evaluates to EgGe ~ 0.7437 eV at T' = 50 mK. These values represent the minimum energy
required to excite an electron from the valence band to the conduction band at the lowest-energy
valley. Higher-energy valleys, such as the L or I' points in silicon, or X and I' in germanium,
require significantly more energy (e.g., over 0.8 e¢V) and are not thermally populated at cryogenic
temperatures.

Having concluded our discussion of the solutions to the Schrodinger equation in semiconductor
crystals using Bloch’s theorem, we next introduce a pair of approximations near the energy band
extrema, which provide a framework for calculating the energies of electrons and holes at low
energies. These approximations lay the foundation for Chapter 3, where we utilize these results
to model the transport properties of charge carriers in semiconductors in a semiclassical manner,

using effective masses that approximate the quantum mechanical effects.
2.4 Approximations for Electron and Hole Energy Band Structures Near Extrema

In this section, we present two different methods for approximating solutions to Equation 2.18
near the band extrema. At low energies, all free electrons and holes are located near the band

extrema, as they don’t have enough energy to move to higher energies. This allows for the use
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of approximations near band extrema to effectively describe charge transport at low energies. For
pedagogical reasons, we begin by exploring the results for hole propagation, as even though it is
not the focus of this thesis, some aspects of it help our intuition regarding electron propagation.
In Subsection 2.4.1, we introduce a method to approximate solutions for holes at k?) = 0, referred
to as the % - p method, and then interpret the results for low energies to justify a simplistic model
for the behavior of hole energy bands. In Subsection 2.4.2, as the conduction band minimums are
not along the /{:B = 0 and are anisotropic, we use a fully mathematical Taylor series expansion
technique to approximate the energy around an extremum which can be readily interpreted as an

anisotropic mass tensor, which is the core of our modeling approach for electrons in Chapter 3.
24.1 Thek - p Approximation Method for Hole Energy Bands

In this section, we describe our first approximation method and apply it to derive the wavefunc-
tion solutions for holes at their 150 = () extrema to provide an effective mass description. In the first
paragraph, we introduce a widely used method for calculating energy band structures, which can
be employed for semiconductors that have a number of energy bands that intersect at an extremum
at k = 0. In the second paragraph, we justify our description of the hole energy bands using a
simplified scalar effective mass. This will set us up well for the electron transport descriptions in
Subsection 2.4.2.

Since a quantum mechanical description of the wavefunctions must take into account the super-
position of the wavefunction solutions for all of them, one can think of the bands as "interacting." A
useful approximation for our case is to employ a perturbation method, where we treat the multiple-
band solutions from the crystal structure as a small correction to the free-charge case. Following
the description of Ref. [44] and expanding the (hlg + p)? term in Equation 2.18, we can rewrite the
Hamiltonian in a perturbative form, to obtain:

h2k? h

H(k) = Hy + ot E!?ﬁ, (2.30)
0 0

2 . . .. . .
where we have renamed the 2”70 term as the Hy which illustrates that it is crystal Hamiltonian at the
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band extremum EO = 0, the second collects the h?k? terms and describes the free space solution,
and the cross term placed third suffices to describe the influence of other bands and the remaining
terms which are expected to be small (perturbation) due to the multiple allowed interacting bands.
This is known as the % - p method. Using non-degenerate perturbation theory around the extrema

shown in Figures 2.6 and 2.7 [44], the energy for band n can be written to second order as:

21.2 2 . 2
en(k) = €(0) + % + Z—g ; |<an|£ _ﬁg’g)ﬂ , (2.31)
where the second term is the kinetic energy of a free particle, while the third term accounts for the
influence of neighboring bands, ¢, on the curvature of the energy dispersion.

While several models can describe the energy bands of holes to a certain degree of approxima-
tion, a simplified scalar effective mass can be used in our description of the hole energy bands. For
our purposes, we will describe some of the complexity for use in future simulations, then proceed
to the set of approximations we made and their justification. Several models have been developed
using the k- p method, including Kane’s model [45] and the Luttinger—Kohn model [46] to describe
the hole energy bands. Following the description of these works, we report without derivation that
at the I'-point (E = () the valence band extrema consist of three closely spaced bands. The first
two bands share the same maximal energy, but have different slopes as a function of k = 0. The
one with a larger curvature (smaller slope) is known as the Heavy Hole (HH) band, and the other,
where the energy decreases more rapidly away from k = 0, is known as the Light Hole (LH)
band. The third is energetically inaccessible at low temperatures and is known as the Spin-Orbit or
Split-Off (SO) band; for completeness, we note that the SO band lies approximately A = 44 meV
below in silicon and A = 290 meV below in germanium [36]. Since both the HH and LH bands
are anisotropic around k = 0, a more proper description of their equienergetic surfaces is given
by [47]:

e =ak*(1 £ g(6,9)), (2.32)

where a is a constant, § and ¢ are the polar and azimuthal angles of wavevector k using the same
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frame as shown in Figure 2.5, and ¢(0, ¢) is given by Refs [48, 49]; this description is why the
bands are referred to as having warped surfaces in the literature, and in general, the HH band is
much more anisotropic than the LH band. Luckily, for a hole with energy e, in the limits of ¢ << A
and € > A, all valence bands are effectively parabolic [49]. Because of the scattering effects
that we will discuss in Section 2.5.1, at 7" = 50 mK, in which SuperCDMS-like detectors operate,
the thermal energy kg1 ~ 4.3 ueV and the hole energies at all times can be considered to be
extremely small compared to the HH-SO and LH-SO energy splitting. As a result, in this work,
we only consider the ¢ < A regime, where only the very top of the valence band is populated [50],
and the valence bands are parabolic. The parabolic nature suggests that, to a reasonable degree of
approximation, we can combine the two terms in Equation 2.31 to get:

h2k?

EC(E) ~ €C<O) + 2m* )

(2.33)

where m* is the particle’s effective mass. Following Ref. [51, 52] we take the hole effective mass
of m} = 0.35m, in germanium and m} = 0.5m, in silicon, where m, = 0.511 MeV/c? is the
electron’s mass. We note that while these assumptions are not fully validated in the literature, we
do not expect them to significantly affect the results in this work.

While more precise modeling of hole transportation could improve the accuracy of the Super-
CDMS detector simulation, it is unclear whether a better description would enhance the experi-
ment’s sensitivity. We next move to the approximations for electron transportation, as they are the
focus of this work. In this case, the anisotropies of the valleys are important, so we will use a
Taylor series expansion to show that the low-energy conduction bands are well-modeled using a

semiclassical description with a diagonalized mass tensor formalism.
2.4.2 Describing Electron Transport in a Semiconductor Crystal as Occurring in ''Valleys"

In this section, we focus on the allowed energy minima in the conduction bands as shown in
Figures 2.6 and 2.7. As the electron valleys are fast-changing, anisotropic, and not centered at

k = 0, the methods described in Subsection 2.4.1 are not easily applicable, but do help point a way
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forward. For electrons at low energies, we use a Taylor series expansion around the valley minima.
In this case, instead of getting a single effective mass, we will have a three-dimensional tensor. In
the first paragraph, we describe the Taylor series expansion for electrons near an extremum and
introduce a mass tensor notation, which will be useful for our semiclassical modeling in Chapter 3.
In the second paragraph, we use the mass tensor for the case of the minima of the conduction bands
to elucidate the particle-like modeling for electron transport at low energies.

The Taylor series expansion for electrons near an extremum illustrates the utility of incorpo-
rating a mass tensor notation, which will be central for our semiclassical modeling in Chapter 3.
It provides a purely mathematical description of how a function (such as energy) changes near
an extremum by using local derivatives. Bloch’s theorem ensures that en(E) is a smooth function
within the Brillouin zone. Therefore, near a local extremum lgo, we can expand the band energy in
a Taylor series where the first two terms are given by:

h2

(ko — koa) (ks — kos) = € (ko) + 3<k|M;1|/<;>, (2.34)

where a and f3 are the indices for the directions (which are arbitrary at this point), and the definition

of the tensor M is given by:
1 0%, (k)

-1 _
(Mn )aﬁ T OR2 Ok | . :
ko

(2.35)

Given its role, we refer to it from here on as the mass tensor.

Focusing on the example of an electron in a cryogenic setting that has approximately the energy
of the lowest energy valley, the mass tensor can be written in terms of the directions where the axes
of the tensor are aligned with direction of the k at the minimum, (referred to as the longitudinal
direction, and indicated with an L subscript) and those perpendicular (referred to as the transverse
directions, and indicated with the 7" or 7'1 and 72 subscripts) to it. For both the silicon and
germanium cases, we find that near each conduction band minimum, the energy dispersion is
approximately ellipsoidal and can be expressed in a locally aligned coordinate system. In the

valley frame, where the x axis is aligned with the valley direction, the mass tensor takes a diagonal
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form with only two different constants, where we suggestively label them as my and my:

Moy=10 mp 0. (2.36)

h
+ —— (k4 + kFy), (2.37)

where m, is the longitudinal mass along the valley axis, and m is the transverse mass perpendicu-
lar to it. These values are determined from experiment, in silicon m; = 0.92m. and my = 0.19m,,
and in germanium my = 1.588m, and my = 0.082m, [26, 51, 52]. This formulation enables us
to create particle-like modeling. Since we are describing low-energy electrons, we can safely work
with the assumption that each conduction band electron resides within a uniquely labeled valley,
and its motion is governed by the anisotropic mass tensor associated with that valley. The mass
tensor in the lab frame is obtained by rotating this diagonal form into the global crystal coordinate
system. This formalism is readily expandable to include additional potential energy sources in the
Hamiltonian, such as an external voltage, and allows for a direction-dependent acceleration, which
is necessary for accurate modeling of arrival patterns on the detector surface. We will revisit this
in more detail in Chapter 3.

Having concluded our introduction of the modeling we will use for the energy bands of both
electrons and holes, we turn to the various mechanisms by which charge trajectories can be al-
tered through scattering. In the next section, we describe how scatterings can alter the energy
and momentum of charges, including both cases where the electron ends up in the same valley
or a different one after scattering, which are referred to as intravalley and intervalley scattering,

respectively.
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Figure 2.6: This figure shows the energy vs. wavevector for the allowed energy levels in a silicon
crystal separated by electron direction zone. We show it because the allowed energy levels are
dependent on the direction of propagation of the charge in the conduction band, and they minimize
around the L, I' (which indicates that the electron is essentially stationary), and X directions in
the wavevector space as shown in Figure 2.5. For this reason, they are referred to as valleys.
Note that the y-axis is left arbitrary as quantitative descriptions are temperature dependent. One
of the implications of this result is that the minimum energy needed to excite an electron to the
conduction band from the valence band is different for an electron with a wavevector direction
along each of the six X directions (which, for low-energy electrons, becomes the most common
direction of wavevector) shown in the right hand side of Figure 2.5. Similar results for germanium
are shown in Figure 2.7.
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Figure 2.7: This figure shows the same energy levels vs. wavevector as in Figure 2.6, but for
germanium. We show it because while the same valleys appear in germanium, the minimum
energy needed to excite an electron to the conduction band from the valence band is for an electron
with a wavevector direction along each of the eight L directions shown in the left hand side of
Figure 2.5.
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2.5 Scattering Effects in a Semiconductor Crystal

In this section, we describe the scattering processes, shown in Figure 2.8, that charges undergo
as they propagate through a semiconductor crystal, as well as our simplified methods to model
them in the simulations, as shown in Figure 2.9. A full description of charge scattering in a semi-
conductor crystal, in general, is complicated [47]. Our previous discussions of the transport have
mostly assumed a fixed and uniform lattice, and that there are no other particles present to interact
with. In a real crystal, charges can interact with the lattice in ways such that both are affected;
they can interact with non-uniformities in the lattice (which we will refer to as crystal impurities),
and they can interact with other particles, such as free charges or phonons. Each of these has
the potential to change the momentum and energy of the charge as well as produce phonons. We
note at the outset that the methods used in our simulations will be based on approximations and
simplifications that are applicable at cryogenic temperatures and low-energy regimes.

Before describing our simplified modeling, we quickly comment on the notation used in this
work. While holes can be described as a form of electron transport in the valence band valley, for
our purposes, it only has a single valley that cannot change. For this reason, we will only refer
to electrons as having a valley, and that only electrons can change valleys. With this in mind, our

modeling will be done as two separate processes:

* Inelastic scatterings that emit a phonon, but don’t change the charge’s valley. These will be
referred to as intravalley scattering, or Luke scatterings, and are shown on the left side of

Figure 2.9.

* Elastic scatterings that do not emit a phonon but change the charge’s valley. These will be
referred to as intervalley scattering and are shown on the right side of Figure 2.9. We note
that while holes can have elastic scatterings, when we are describing intervalley scatterings,

we are referring to electrons only.

While both electrons and holes can scatter, we focus on the electron scattering, as we can describe

hole scattering by considering a subset of electron scattering, as only the first category (intravalley
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scattering) is useful in describing holes.

One can think of the dominant effects at cryogenic temperatures and low energies as being
described by models in which the charge causes the atoms in the lattice to vibrate or the charge
changes its trajectory because it encounters a local change in the potential. The former process can
be modeled as the charge motion causing atoms to move within the lattice using what is known as
deformation potential theory [26, 53]. The local motion of a lattice site will cause motion in the
neighboring sites and propagate away as a wave, which is our phonon. This is the process in the
top left of Figure 2.8. If the atoms within the basis of a unit cell move in phase or out of phase with
each other, the outgoing phonon is referred to as an acoustic or optical phonon, respectively. The
processes are referred to as acoustic or optical phonon emission scattering, and, as we will see,
these phonons are low and high-energy, respectively. Typically, for kinematic reasons, low-energy
phonon emission is not correlated with a change in the valley of the electron, but it can be with a
high-energy emission. Switching to the case in which an electron encounters a crystal impurity,
which is a local change in the potential, shown in the bottom right of Figure 2.8, the process is
typically elastic, with different interaction rates depending on whether the impurity is neutral or
charged. Since no phonon is produced, the electron can readily switch valleys.

A main motivation behind our simplified models comes from the expected interaction rates.
Following the results presented in Ref. [28], Figure 2.10 shows the scattering rates for the vari-
ous processes in the low-energy regime. A number of notes are in order. The first is that due to
low free-charge and phonon population in the crystal, especially at low temperatures, the inter-
action rates for the processes in the top right and bottom left of Figure 2.8 are so small as to be
considered negligible. The second is that the optical phonon emissions can only happen on the
rare occasions where the electrons have an energy above the optical phonon emission threshold
(quantitative detail below); this makes optical phonon emission processes rare in our settings. A
further simplification is that since any high-energy phonon produced in optical phonon emission
will quickly downconvert [52, 54], any phonon emission can effectively be thought of as just the

production of lots of low-energy phonons. Thus, while imperfect, for electrons our modeling can
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be reduced to the processes shown in Figure 2.9; we can effectively categorize any scattering as an
intravalley scattering process with no change in electron valley, but with a phonon produced, and
intervalley scattering, with no change in the electron’s energy, but with a change in the electron’s
valley. For completeness, we again note that we model holes so that they participate in the former
but not the latter processes.

In the first subsection, we describe our model of intravalley scattering, in which a charge emits a
phonon but remains within its original valley, as shown on the left side of Figure 2.9; In the second
subsection, we describe our simplified model of intervalley scattering, an electron-only process,
as shown on the right side of Figure 2.9, where the electron changes valley without any change in
its energy; holes don’t undergo intervalley scattering, as they lack multiple symmetry-equivalent

energy bands.
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Figure 2.8: In this figure, we show Feynman diagrams of four different scattering processes. We
show them to describe some of the most important types of scattering in a semiconductor crystal.
In the top row, we show two inelastic scatterings. On the left, a charged particle interacts with
a lattice site and emits a phonon, both changing directions and losing energy. On the right-hand
side, a charged particle absorbs a phonon and scatters. On the bottom left, a charge interacts with
another charge, transfers some energy, and scatters. On the bottom right, a charge interacts with a
crystal impurity and scatters elastically without losing or gaining kinetic energy. It’s important to
note that in the low temperature, low energy regime, as shown in Figure 2.10 and discussed in the
text, the only important scattering types are the phonon emission (top left) and impurity scattering
(bottom right).
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Figure 2.9: In this figure, we show the diagrams of the dominant pair of processes used in our
simulations to model the more complete set of scattering processes shown in Figure 2.8. We
show it to describe how we model changes in electron energy, momentum, and valley. For the
reasons described in the text, all intervalley scattering processes (electrons and holes) are modeled
using the left figure, where a charge emits an acoustic phonon without changing its valley, and
all the intervalley scatterings (electron only) are modeled using the right figure, where an electron
changes its valley while preserving the angle between its momentum and its valley without emitting
a phonon.
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Figure 2.10: In this figure, we show the scattering rates of charges as a function of energy for
both germanium and silicon. We show it to demonstrate the dominant scatterings at low ener-
gies, which helps justify the choice of processes shown in Figure 2.9. At the lowest energies, the
scattering rate is dominated by acoustic phonon emission, which is entirely intravalley scattering;
intervalley scatterings are rare but can occur and are dominated by interactions with impurities. At
around 10 meV, the scattering rate becomes dominated by optical phonon scattering, which emits
a high-energy optical phonon. This energy is referred to as the optical phonon scattering threshold.

Figures taken from Ref. [28].
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2.5.1 Interactions Between Charges and the Lattice that Produce Phonons: Intravalley

Scattering (Luke Scattering)

In this subsection, we describe our modeling of intravalley scattering as shown in the top left
of Figure 2.8 or the left-hand side of Figure 2.9. We focus on the context of a crystal under an
applied electric field, where a charge accelerates and gains energy, such that it can quickly scatter
from a lattice site, emit a phonon, shedding some of its kinetic energy while remaining in the same
valley [20, 55]. For the reasons mentioned above, we focus on the electron case where it remains
within its initial conduction band valley, and this process is known both as intravalley and Luke
scattering [52]; at low energies, a hole resides in a single valley, and so the same descriptions
apply. In the first paragraph, we provide a general description of the phonon emission scattering
kinematics in a crystal. In the second paragraph, we summarize the quantitative methods for
estimating the scattering rates for optical and acoustic phonon production used in Figure 2.10. In
the third and fourth paragraphs, we provide some of the quantitative methods used in the creation
of Figure 2.10, which helps justify our simplifying assumptions.

We first provide a general description of the phonon emission scattering kinematics in a crystal.
Since the interaction must conserve energy and momentum, as well as result in an allowed energy

state of the charge, we can write:

k=k+q e=¢+hw, (2.38)

where k and e are the initial wavevector and energy of the charge, K and € are the final wavevector
and energy of the change, and w, ¢'and Aw are the frequency, momentum and energy of the emitted
phonon, respectively. Note that we have changed the notation from Figure 2.9 from Emitmz to just
lg, and lgmoﬂ to just k. The phonons emitted during this process are called Neganov-Luke phonons,
and in principle can be acoustic or optical.

The quantitative methods from Refs. [28, 51] provide an estimate of the scattering rates for

optical and acoustic phonon production used in Figure 2.10, which we use later. Following the
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calculation of the scattering probabilities P(k, k) per unit time done in Ref. [47], one can calcu-
late the scattering rates i and % for acoustic and optical phonon emission scattering respectively
where 7,. and 7,, are the mean free time between acoustic and optical scattering events. Before
quoting the results from the derivations in Refs. [28, 51] in a parabolic band, we note that con-
servation of energy places limits on the minimum magnitude of the charge wavevector before a

scattering, k; the effective limits are referred to as k,. and k,,, respectively. With this in mind, we

quote the acoustic phonon emission scattering rate, which takes the form of:

3
1 1 hk? kqe
- = = 1 - = y 239
Tac 3 mlOkac [ ‘k‘| ] ( )

where £ is the charge’s wavevector, m is the charge’s mass, the effective threshold wavevector k.
is given by

Eae = m|Usc/, (2.40)

corresponding to a longitudinal acoustic phonon with phase velocity of . and frequency of w =
|Uac||q], ¢'is the phonon wavevector, and [y is a characteristic length defined as:

whip

L
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(2.41)

where p is the crystal mass density, while C,.. is the acoustic deformation potential constant, which
quantifies how electronic energy bands shift due to lattice vibrations or strain in a crystal [56, 57].
Following the derivation of Ref [28], the optical phonon emission scattering rate 7, takes the form
of:

1

2m® |E| [1 kgp

1/2
3 } , (2.42)
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where 7w, is the optical phonon’s energy, C,, is a deformation potential constant, and £, is

2muw,,
oy = ,/—mf;" 23 (2.43)
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and can be thought of as the threshold electron wavevector at which the electron has just enough
kinetic energy to emit an optical phonon of frequency w,, in a parabolic band.

A more quantitative description of the acoustic and optical phonon emission scatterings ex-
plains why we refer to them as high and low energy processes, and justifies our focus on the acous-
tic phonon emission scatterings for the rest of the work. Focusing on the last terms in Equations
2.39 and 2.42, one can see that acoustic and optical phonon emission scatterings can only proceed
when the charge wavevector k magnitude is bigger than k,. and k,,. This is shown quantitatively
in Figure 2.10; optical phonon emission scattering becomes allowed at a higher energy, around
10 meV for both silicon and germanium[28]. The acoustic phonon emission, however, can happen
at high rates even in the 1 meV regime due to k,., depending on the low phonon phase velocity
Vqc as described in Equation 2.40. For the case where there is an external electric field, it is useful
to compare the path length for scattering as a function of energy to the voltage drop over the same
path. For low temperatures, given that acoustic scattering processes dominate at the lowest energy,
if the voltage drop over the path length for an acoustic interaction is small compared to 10 meV,
then the charge will likely scatter before it ever gains enough energy to have an optical scattering.
This is referred to as the low-field strength regime. In principle, while there are scenarios with
high-enough field strengths for the optical phonon emission scattering to become important, as
discussed in Subsection 2.4.1, we are focusing on the peV regime (e < A), and therefore, we
only consider the acoustic phonon scattering. In Chapter 3, we will discuss the methods we used
to calculate the probabilities of the post-scattering charge angles shown in Figure 2.9.

We now provide a more detailed understanding of why intravalley processes are dominant
at cryogenic temperatures, as shown in Figure 2.10. Starting with the top right and bottom left
diagrams in Figure 2.8, we note that at cryogenic temperatures, charges and phonons in silicon or
germanium have extremely low thermal energy, on the order of a few peV. As such, any charge that
interacts with them will remain confined to the lowest-energy portion of a valley and cannot reach
the high momentum required to transition between valleys. In the case of impurity scatterings,

shown in the bottom right of Figure 2.8, the rates, as shown in Figure 2.10, are considerable but
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two or three orders of magnitude lower than the acoustic phonon emissions; therefore, we consider
impurity scatterings negligible for intravalley scattering, but important for intervalley scattering,
which we will discuss separately. The bottom line is that most scattering events are intravalley and
can be modeled as phonon emission within a single band extrema.

Having concluded our discussion of intravalley scattering and how it produces phonons, we
now describe a second, lower rate, type of process which is only available to electrons and, in the

case of a high-momentum transfer, changes electrons’ valley: intervalley scattering.
2.5.2 Impact on the Transport When a Charge Changes Valleys: Intervalley Scattering

In this subsection, we describe the dominant processes that can cause intervalley scattering, as
shown in Figures 2.8, as well as the justification for our simplified modeling shown in Figure 2.9.
In the first paragraph, we define the processes that can produce intervalley scattering, as well
as the constraints that limit the rate at which it occurs. In the second paragraph, we provide
justifications for the macroscopic modeling of the intervalley scattering as shown on the right side
of the Figure 2.9. In the third paragraph, we describe how intervalley scattering is modeled within
G4CMP, and we introduce the functional forms used to parameterize the scattering rate for silicon
and germanium.

As described before, we refer to intervalley scattering as any process in which an electron tran-
sitions from one conduction band valley to another, that is, its wavevector changes significantly
to a different location in E—space corresponding to an allowed symmetry-equivalent energy mini-
mum. Because valleys are separated by large momentum differences (e.g., from [001] to [100] in
silicon), any interaction responsible for the transition must provide a correspondingly large mo-
mentum transfer. In principle, an intervalley scattering process can proceed with a phonon being
emitted or absorbed, or transferring energy and momentum to another electron. In practice, the rate
at which these cases can occur is limited by the number of phonons and charges available for inter-
actions, as well as the kinematic constraints for switching between allowed symmetry-equivalent
energy bands. In impurity scattering, on the other hand, the impurity in the atomic structure of

the crystal changes the potential in the Schrodinger equation locally, causing the particle to scatter
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elastically, resulting in only a momentum change but conserved energy [58]. The impurity site can
be caused by either unionized or ionized atoms, respectively called neutral and charged impurity
scattering. The derivation of this type of scattering is beyond the scope of this work and can be
found in Refs. [28, 58]. While holes can participate in impurity scattering, given that there are no
constraints on their outgoing momentum, we simply assume this contribution to hole scattering is
negligible and fully described by the intravalley scattering. For the purposes of this work, we will
use the terms intervalley scattering and impurity scattering interchangeably for simplicity.

We use a macroscopic modeling of the intervalley scattering as shown on the right side of the
Figure 2.9. While, as described in Section 2.5, optical phonon emission (top left of Figure 2.8) can
change the valley while emitting a high-energy phonon, from a macroscopic view, since the phonon
would quickly downconvert, the final state would essentially be an electron in a different valley
and multiple low-energy phonons. This is essentially indistinguishable from the combination of an
impurity scattering and multiple acoustic phonon scatterings. For this reason, we can model optical
phonon emission as having two separate components: an intervalley scattering without a phonon,
and several intravalley scatterings which produce acoustic phonons. For the case of electrons in
an electric field, given enough time, the high number of acoustic phonon emissions effectively
randomizes electrons’ momentum direction within a valley, rendering the change in momentum-
valley angle difference in the intervalley scattering insignificant. For these reasons, we simplify our
modeling of intervalley scattering to only include the change of valleys while preserving the angle
between its wavevector and its valley, and leave the production of phonons to be approximated by
intervalley processes; this is exemplified in right side of Figure 2.9 where momentum is readily
conserved by the mass of the full lattice.

We are now ready to describe how intervalley scattering is modeled within G4CMP and intro-
duce the functional forms used to parameterize the scattering rate for silicon and germanium. For
simplicity, we model all intervalley scattering as an elastic interaction (no phonons produced) and

as having low but non-zero rates [59]. While the interaction rate is expected to be determined at
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the microscopic level as a function of energy?, as discussed in Refs. [32], the current state of the
art is to model the intervalley scattering rate v1y in G4CMP probabilistically, with the rate being
dependent on the local electric field strength using parameterizations fit from data for each crystal.

These include both a quadratic form discussed in Ref [60]:

aquadratic/2
) , (2.44)

vy = A (Eg + |E_:|2
and a linear form discussed in Ref [28]:
vty = b + m| E|®tineer (2.45)

where E is the electric field vector, and the parameters EO (often referred to as the minimum field),
A and m are coefficients, b is a constant term, and ®gyadratic AN Qineqr are exponent terms [32]. For
our purposes, we note that while these parameters might have physical meaning for this work, we
treat them only as simple mathematical parameters. We will use the former equation for germanium
and the latter for silicon.

Having laid out the theoretical foundation for wave-like charge transport and scattering in semi-
conductors, we next turn to the development of a particle-based modeling framework suitable for
numerical simulation. While this chapter described the quantum mechanical nature of electron
behavior in a periodic potential, including Bloch wave solutions, our goal in the next chapter is
to reformulate this understanding into a semiclassical picture that allows efficient simulation of
charge propagation. This transition from wave-based to particle-like descriptions enables us to
incorporate complex effects such as anisotropic acceleration, scattering events, and electric field
responses in a computationally tractable manner, allowing for the simulations discussed in later

chapters.

2Work on these functions is in progress by collaborators.
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3. PARTICLE-LIKE MODELING OF CHARGE TRANSPORT IN SEMICONDUCTORS
FOR USE IN SIMULATION

In this chapter, we build a theoretical framework for describing charge transport in semicon-
ductor crystals using a particle-like approximation. While the underlying physics of charge carriers
is governed by quantum mechanics, the goal is to reduce the complexity by developing a classical-
like description where carriers follow trajectories governed by velocity and acceleration, as in
Newtonian mechanics, but modified to account for the crystal’s anisotropic and periodic struc-
ture, as well as the various forms of scattering. This modeling approach is especially useful for
implementation in simulation software, such as the Geant4 Condensed Matter Physics (G4CMP)
package, which assumes a particle-based framework and naturally allows for deterministic prop-
agation in the presence of electric fields as well as for probabilistic scattering interactions. The
central result from Chapter 2 is that, for low-energy electrons near the conduction band minimum,
the quantum mechanical effects can be absorbed into a direction-dependent effective mass tensor.
This allows us to treat the motion of charges in semiconductors in a particle-like manner while
preserving the key features of the band structure.

Because Geant4 tracks particles along discrete paths, we require an effective description in
which the quantum wave behavior described in Chapter 2 can be approximated by the motion of
particles as wave packets. In the semiclassical picture, a charge carrier is represented as a lo-
calized wave packet constructed from the quantum mechanical wavefunction. By analyzing how
such a packet evolves within a periodic crystal potential, we can define effective particle-like prop-
erties—such as energy, wavevector, group velocity, and acceleration—that govern its dynamics.
As described in Section 2.4.2, the effects of the anisotropic band curvature near energy minima
are well-described by replacing the scalar mass in the classical form by an effective mass tensor.
Since this mass tensor is typically anisotropic and position-independent in the absence of fields,
modeling scattering processes (Section 2.5) requires a transformation to a coordinate frame where

the tensor becomes isotropic. This same transformation also defines a geometric space in which
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pseudo-relativistic corrections can be applied in a mathematically consistent way, allowing us to
better integrate the resulting motion and interactions with Geant4’s relativistic particle tracking
system.

In Section 3.1, we describe a semiclassical description of charge transport in semiconductors
in the absence of both external electric fields and scattering. In Section 3.2, we include the effect
of an external electric field and describe how charges accelerate in a direction not aligned with
the electric field, due to the tensor nature of the mass. In Section 3.3, we extend the semiclassical
modeling framework to include the effects of scattering on charge carrier trajectories in semicon-
ductors by using scattering theory results for isotropic energy bands combined with a coordinate
transformation that allows those results to be used in an anisotropic energy band structure. In Sec-
tion 3.4, we show how the energy, momentum, and velocity relations can be reformulated using a
pseudo-relativistic framework with anisotropic mass tensors, which provides a unified formalism
that maintains consistency with special relativity while preserving the anisotropic dynamics cap-
tured by the effective mass tensor. In Section 3.5, we outline some of the methods used in our
simulation to model the full trajectory of charge carriers, beginning from their initial creation to
their propagation and subsequent scattering interactions.

Having introduced the motivation, derivation, and utility of a particle-like model for electron
motion, we next proceed to lay out this formalism by applying it to the case of charge transport
without an electric field or scattering, and analyze the anisotropic velocity distributions that emerge
in this limit.

3.1 Charge Transport in the Absence of an Electric Field Without Scattering Effects

In this section, we describe our semiclassical model of charge transport in semiconductors in
the absence of both external electric fields and scattering. The goal is to reformulate the quantum
mechanical description of charge carriers into a particle-like framework that is compatible with
Geant4’s trajectory-based simulation architecture. In the first paragraph, we introduce the particle-
like modeling by deriving the group velocity of a charge carrier starting from first principles using

Bloch’s theorem. In the second paragraph, we reformulate our results using the effective mass and
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mass tensor approximations for holes and electrons. Lastly, in the third paragraph, we illustrate
the implications of anisotropic motion for electrons with the same energy in a semiconductor by
analyzing the dependence of the velocity magnitude on the electrons’ propagation direction.

We first introduce the particle-like modeling by deriving the group velocity of a charge carrier
starting from first principles using Bloch’s theorem. While a large number of mathematical steps
are involved, there is value in laying out the relationship between the wavefunction description of
charges and a particle-like notion of motion. Since the group velocity is defined as the expectation
value of the momentum divided by the carrier mass, by writing out the full set of steps, following

the discussion in Section 2.3.2, we find the velocity in the n’th energy band of the charge given by:

a(F) = 22

3.1

The first term is the same as that of a free charge, while the second term shows the effect of the
crystal periodic potential on the group velocity. To evaluate the second term, we start from Bloch’s
Schrédinger equation, described in Equation 2.18, and expand the kinetic energy term:

h? - = h2k?

—— V2 —i—k-V+
2m m

To understand the behavior of the energy band near the the (u,,;| state, we multiply both sides with

(Upp |, where n and k' are the quantum number and wavevector of a secondary state, and find:
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Recognizing that both iV and V2 are Hermitian (ie. (V)T = V?), and using the periodic boundary

condition and Gauss’s theorem [61], we write:

(Ui 1V |t i) = (i iV [tie)™ A0 (| V2 i) = (U | V2|t ) - (3.4)

Using this feature and subtracting the Hermitian conjugate of Equation 3.3 from itself, the right

side of the equation can be simplified via:

e W oe Fog .
<Un’k’| — —mV — Z—]{? V|Unk> (unk] — %V k . V|Un/k/>
h? R? - h? h? -
(un/k/| — %V2 — ZEI{: V|Unk> <un’k” - %V2 Z—/{Z, V|Unk>
(3.5)
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which results in a simple relationship between two states of nk and n'k’:
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m

As explained in Chapter 2, at low temperatures, most charges reside around the extremums (valleys
for electrons). This means for charges in the same band n = n/, we will have |k’| — |k| and
en(E) — € (k?’ ), which allows us to use the Taylor expansions for both the wavevector and energy

to make the following approximation:
en(k) — en(K) = (k= K) - Vien(k), k2 —k?~2k-(k—k). (3.7)

By applying these approximations to the Equation 3.6, we can further simplify it for the charges in

the same band at low temperatures:

2

h I N 1
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m
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As this is true for every |l;’ | — |E |, we can finally get the important equation:

—il, = le = hk
Substituting into Equation 3.1, we obtain the final simple expression for the group velocity:
— "¢ 1 = ¢
Un (k) = ﬁvken(k). (3.10)

One might find this result either exciting or uninteresting, as it is the same definition we have for
free-charge group velocity; however, in this case, the energy is given by Equation 2.34. Using this
result, we approximate the trajectory of the charge as that of a particle with a definite velocity and
position, which was our goal in the particle-like description.

This allows us to reformulate our results using the effective mass and mass tensor approxima-
tions for holes and electrons. This is necessary for simulation purposes because Geant4 propagates
particles using classical dynamics, which must be adjusted to reflect the anisotropic band structure
of semiconductors. For holes near the band exterma at low energies (¢ < 42 meV for silicon and

€ < 290 meV for germanium), using the approximation made in Equation 2.33, we get:

—

hk

m*’

Un(E) =

(3.11)

where m™ is the hole effective mass. Additionally, the energy in terms of velocity takes the form
of:
1

en(V) = €, () + §m*v2, (3.12)

which is the same as the classical form, just with an effective mass instead of a bare mass. For
electrons near a valley minimum, replacing energy with Equation 2.34, the velocity takes the form
of:

'p. (3.13)



This relation indicates that the velocity vector is not generally aligned with the momentum, and
the proportionality is governed by the inverse mass tensor M. Rewriting the energy in terms of
the velocity gives:

1

This expression enables us to define a consistent notion of velocity and kinetic energy, even when
the effective mass is anisotropic.

The implications of anisotropic motion for electrons with the same energy in a semiconduc-
tor can be illustrated by analyzing the dependence of the velocity magnitude on the electrons’
propagation direction, with examples shown in Figures 3.1 and 3.2. Based on the approximations
introduced in Section 2.4.2, we work in the valley-aligned frame and use Equation 2.36 to express
the energy as a function of the velocity components. For a velocity vector & = (v, vr, vp,),
where vy, is the longitudinal component, along the valley axes, and vy, , vy, are the components in

the transverse directions, the energy is given by:

1 1
en(V) = €,(1) + éva% + §mT(v%l +ou7,)] . (3.15)

An important consequence of this is that electrons with the same total energy can exhibit different
speeds depending on their direction of motion. Specifically, an electron moving purely in the
longitudinal direction (i.e., along the valley axis) with energy € has a speed |¥;| = M, while
one moving purely in a transverse direction has speed |v| = \/26/7T Since my, > myr for both
silicon and germanium (see Section 2.4.2), we have |U;| < |t,|, implying that electrons traveling
closer to the valley axis move more slowly than those moving away from it, even at identical
energy as visualized in Figure 3.1. Another way to visualize this is to consider the case of an
electron emitted from a location and examine the speeds and arrival times at a constant surface
above it. As shown in Figure 3.2 for silicon, we observe that the velocity magnitude varies with
direction due to the anisotropic band curvature governed by the mass tensor.

Having concluded our discussion of the charge transport in the absence of both scattering and
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external electric fields, we have established the foundation for modeling charge motion using a
particle-like framework. This semiclassical formalism enables us to model charges with defined
positions and velocities, accounting for the inherently anisotropic nature of their motion. In the
next section, we extend this model to incorporate the influence of an electric field, while continuing
to neglect scattering until Section 3.3, to describe how carriers accelerate and curve through the

crystal under the action of external forces.
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Figure 3.1: This figure shows the relationship between the electron velocity vectors and the angle
relative to the valleys for a constant energy in silicon; the color in the band is a heat map of the
speed of the same energy electrons, and the arrows show a few specific examples. We show it
because the speed of an electron in a semiconductor minimizes in the direction of the valley and
gets bigger as the directions move away from it. In this case, the directions are between the [001]
and [100] valleys, and we are only showing a quarter of the sphere in two dimensions.
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Figure 3.2: This figure shows two different views of the relationship between the direction of an
electron and its momentum in silicon. We show it to indicate how the semiconductor energy band
structure impacts the speed as it propagates due to the tensor nature of the mass. On the left, we
indicate the speed of electrons that start at the origin with the same energy and arrive at a surface
in the zy plane, where the crystal is oriented such that the [001] valley is in the z direction. In the
absence of an electric field, these electrons continue through the medium with a constant velocity
but eventually hit the surface with a time of arrival indicated by the colors. In the right figure, we
only consider the two-dimensional projection on the top surface but with a much-expanded region
(or smaller distance from the source) that encompasses the full range of directions, which allows us
to project both the 3-dimensional valley structure and the trajectories onto a 2-dimensional plane.
This type of projection will be very helpful as we move to more complicated scenarios later in the
text.
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3.2 Charge Transport Under an Electric Field Without Scattering Effects

In this section, we derive the semiclassical equations of motion for electrons and holes in a
semiconductor under an external electric field while neglecting scattering effects. Again, our goal
is to construct a particle-like description of transport and derive equations of motion in which
charges accelerate under a force within a band structure. While holes have their acceleration
magnitude modified by the effective mass, the electrons will need to be described by a direction-
dependent acceleration due to the curvature of the electronic band structure, which is captured via
the mass tensor description. In the first paragraph, we derive the semiclassical expression for the
acceleration of a charge carrier under an external force in a periodic potential using the semiclas-
sical velocity relations. In the second paragraph, we apply the general acceleration formula to the
specific case of low energy, using the effective mass approximations introduced in Section 2.4. In
the third paragraph, we shift our focus to the implications for electrons in our devices and describe
how, in the presence of an electric field, electrons in different valleys accelerate differently, result-
ing in distinct spatial patterns on the detector surface when considering scenarios like those shown
in Figure 3.2.

We use the semiclassical velocity relations to derive the semiclassical expression for the ac-
celeration of a charge carrier under an external force in a periodic potential. Starting from the
definition of acceleration as the time derivative of velocity, we get:

Lo d k) d (1s =\ 1o de(k)

As the energy is a function of wavevector, the time derivative of the energy can be rewritten using

the chain rule:

de (k)  dk o
=g Veen(h). (3.17)

Using the definition of the external force F as the rate of change of the crystal momentum hk, we
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have:

L dk
F=h—. 3.18
iy (3.18)

Substituting this into the acceleration expression allows us to write:

— — —

i, (F) = =V, (ﬁ : ﬁken(m - [(ﬁkﬁ) Vyen(B) + F- %(vken(l?))] . (3.19)

For a charge in an electromagnetic field, the V. F term takes the following form:

F=—qF —qi,(k) x B = —%men(z%’) « B

—

Vi (%en(m x B — %vken(ﬁ) < V1.5

S ESEIS I ES

= —Qﬁkﬁ -

Since electric and magnetic fields are defined in the real space and V.E = VB = 0, for an

electromagnetic field, this reduces to:

Vi F = —%ﬁk (ﬁken(l%’)) « B. 3.21)

As a result, in the case of no magnetic field, this term goes to zero, and Equation 3.19 further

reduces to:

e 1 0%, (k) .
(k) = 025: <ﬁ T Fﬂ) é, (3.22)

where « and 3 are Cartesian coordinates, and & denotes the unit vector in the a-direction. This
result expresses the acceleration in terms of the curvature of the band structure, which naturally
leads to the appearance of an inverse mass tensor in anisotropic crystals, which we will study next.

To rewrite the general acceleration formula from an external field to a specific case of low
energy, one can use the effective mass approximations introduced in Sections 2.4.1 and 2.4.2.

Starting with holes, the valence band maximum at low energies, using the approximation made in
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Equation 2.33, we have
%€, (k) 1

gall) _ 2 5.0, 3.23
OkaOks  m; (3:23)

where 0,4 is the Kronecker delta ( 6,5 = 0 when a # 3 and .3 = 1 when o = [3). Substituting

this into Equation 3.22, the acceleration becomes:

B 1 .1 . F
Gy =Y mzaaﬁpﬁﬁ = > Fad= e (3.24)
auﬂ «

This is consistent with the modeling of a hole motion using Newton’s second law with the bare
mass replaced by the effective hole mass. For electrons near the bottom of the conduction band,
the curvature is generally anisotropic, and the second derivative of the energy defines the inverse

mass tensor. Using the mass tensor defined in Equation 2.35, the acceleration takes the form:
= M;'F. (3.25)

As in the case of velocity, this result emphasizes that the acceleration vector is not generally aligned
with the external force. Instead, its direction and magnitude are governed by the anisotropic struc-
ture of the band through the inverse mass tensor M. Together with the velocity relation derived
in Section 3.1, these equations form the foundation for semiclassical particle-like modeling in
anisotropic crystals.

We now shift our focus to the implications for electrons that start inside our devices but can
propagate and reach a surface, as shown in Figure 3.2. In the presence of an electric field, elec-
trons in different valleys accelerate differently, resulting in a set of groupings of arrival positions
on the detector surface. Using the approximations from Section 2.4.2, the mass tensor becomes
diagonal in the valley-aligned frame. For a general external force ' = (Fr, Fr,, Fr,), where Fy,
is the longitudinal component, along the valley axis, and Fr,, [y, are transverse components, the

acceleration becomes:

mL’mT’mT

@, = (ﬂ ok FTQ), (3.26)
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expressed in the valley-aligned coordinate system. As introduced in Section 2.3.2, silicon and
germanium have six and eight symmetry-equivalent conduction band minima, respectively, located
at the X and L points in the Brillouin Zone. In the low energy regime, electrons populate these
valleys, and the orientation of the mass tensor, and hence the acceleration response, depends on
which valley the electron resides in. For example, for the case of an external force F= 0,0, F,].
Electrons in the [001] valley will accelerate as d@,, = (0,0, F,/my), whereas those in the [100] or
[010] valleys will experience @, = (0,0, F,/mr) in the crystal frame. This leads to a difference
in acceleration magnitudes between electrons in different valleys. More generally, since the valley
axis is not always aligned with the applied field or perpendicular to it, the resulting acceleration
vector may also point in a different direction than the force. This anisotropic response is illustrated
in Figure 3.3 for the case of germanium, where electrons get accelerated in a direction different
than the force. These direction and magnitude-dependent responses cause electrons from different
valleys to arrive at different regions on the detector surface, forming multiple spatial clusters.
This phenomenon is clearly observed in experimental results shown in Figures 1.12 and 1.13. In
Chapter 4, we will reproduce and analyze these arrival patterns using simulation tools to further
understand the consequences of valley anisotropy.

Having concluded our derivation of the particle-like equations of motion in an applied elec-
tric field, we move to include scattering processes. Since this process can be complicated, we
introduce a mathematical technique that enables a transformation from the lab frame to one where
scattering processes are more readily performed, known as the Herring-Vogt transformation [62].
This will help bridge the gap between band structure theory and Geant4-compatible modeling, al-
lowing Monte Carlo techniques play a crucial role in predicting the complete trajectory, including

scattering.
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Figure 3.3: This figure shows a cartoon of a set of electron trajectories inside a germanium crystal
with valleys that are aligned in the [4+-1, 1, +1] directions and an electric field that is applied in
the 2z direction. We show it because it illustrates that the motion of a charge in a certain valley
gets accelerated in a direction that is not necessarily aligned with either the external force or the
valley direction. The trajectories, illustrated as the dashed lines, are emitted from the center like in
Figure 3.2, and encounter a surface. Note that in this case, we have again oriented the z direction as
being up and the electric field in the 2 direction, but the valley direction aligns with neither of the
two. For valleys on the same axis but in opposite directions, the electrons in both valleys will have
the same acceleration and will end up in a similar location on the surface (assuming the surface is
far enough from the electrons’ origin relative to the electrons’ initial energy).
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3.3 Trajectories when Scattering Effects are Included

In this section, we extend the semiclassical modeling framework to include the effects of scat-
tering on charge carrier trajectories in semiconductors. While previous sections described smooth,
deterministic motion under an applied electric field using anisotropic mass tensors, real charge
transport is interrupted by scattering events that alter both the energy and direction of carriers,
as illustrated in Figure 1.9. To ensure physical accuracy, these processes must be modeled in
a way that respects the underlying anisotropic band structure while remaining compatible with
the scattering theory introduced in Section 2.5. However, the derivation in that section assumes
isotropic energy bands. To address this challenge, we present a mathematical framework that maps
anisotropic energy bands into isotropic ones, allowing the isotropic scattering results to be applied
to the anisotropic case; holes are readily approximated as already being isotropic, which means that
the same mathematical framework can be trivially applied. In the first paragraph, we introduce the
concept of constant energy surfaces and their value in modeling charge transport in semiconduc-
tors. In the second paragraph, we explain how both the group velocity and acceleration of a charge
carrier relate geometrically to the constant energy surface in %—space, which facilitates a useful
visualization of some of the differences between charge transport in isotropic and anisotropic me-
dia. In the third paragraph, we introduce a mathematical technique that transforms the anisotropic
wavevector space, where constant energy surfaces are ellipsoidal, into a coordinate system in which
these surfaces become spherical, referred to as the Herring-Vogt transformation, which allows for
isotropic treatment of scattering effects in semiconductors. In the fourth paragraph, we describe
how we model the scattering process and how we calculate the post-scattering charge and phonon
states. In the fifth paragraph, we describe how the scattering interactions affect the trajectory of
the charges.

We first introduce the concept of constant energy surfaces and their role in modeling charge
transport in semiconductors. A constant energy surface is defined as the set of all wavevectors k; for
which the energy en(E) remains fixed; an example for an isotropic medium like vacuum is shown

in Figure 3.4. These surfaces characterize how the energy depends on both the magnitude and
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direction of k, and they enable a geometric determination of the direction of the group velocity and
acceleration. In an isotropic medium, the energy follows the relation E(E) =€+ %, where m is
the effective mass of the charge carrier. This leads to spherical constant energy surfaces in E—space.
By contrast, semiconductor crystals such as silicon and germanium exhibit direction-dependent
energy curvature due to their anisotropic band structure. In the special case of low-energy electrons
near a valley minimum, as discussed in Section 2.4.2, we can transform into a valley-aligned frame
in which the mass tensor becomes diagonal. The energy in this regime and this frame is given by
Equation 2.37, revealing that the constant energy surfaces become ellipsoidal. A cartoon of an
anisotropic constant energy surface is shown in Figure 3.5, where the ellipsoidal shape reflects the
different longitudinal and transverse effective masses of the electron.

The group velocity and acceleration of a charge carrier relate geometrically to the constant en-
ergy surface in E—space, which facilitates a useful visualization of some of the differences between
the charge transport in isotropic and anisotropic media. As discussed in Section 3.1, the group
velocity of a charge carrier in band 7 is given by v,, = %ﬁgen(E) which is always perpendicular
to the constant energy surface at the point k. Moreover, because these surfaces are continuous, we
can always find a wavevector &’ such that e, (k') = ¢, (k) and K is aligned with the applied force
F. A feature of this construction is that it allows us to define a velocity v/ = M, 1! , and relate it

to the acceleration @,, = M, o through the following chain of equalities:

/
— — 1 — —
i MF = e v — i - V(R
" e 20
al = —
= 0= —5—Vze,(k),
i )

which shows that the acceleration vector @, is also perpendicular to the constant energy surface at
the point where the applied force intersects it. Since this conclusion applies to both isotropic and
anisotropic crystals, the geometric relationships between velocity, acceleration, and the constant
energy surface can be easily visualized as illustrated in Figures 3.6 and 3.7 for an isotropic and an

anisotropic medium, respectively. The isotropic case becomes trivial to solve as the mass tensor
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reduces to a scalar by setting M = mZ, where Z is the identity tensor and m is the scalar effective
mass.

To transform the anisotropic wavevector space, where constant energy surfaces are ellipsoidal,
into a coordinate system in which these surfaces become spherical, we introduce a mathematical
technique referred to as the Herring-Vogt transformation, 7 [62]. This transformation allows for
an isotropic treatment of scattering effects in semiconductors. In the valley-aligned frame, where

the mass tensor is diagonalized as M,, = diag(m, mr, mr), this transformation is defined by

kY = H|K), with H = Ma (3.28)

mo

where my is a reference mass that scales the radius of the spherical constant energy surfaces by

vmo. Since M, is real and diagonal in this frame, we can simplify the quadratic form:

1 L R
(k|M k) = —(K'|K') = . (3.29)
mo mo
Thus, Equation 2.34 becomes
B2 h2|E/|2

en(k) = = (KM ) = (3.30)

2m0 ’

which describes a spherically symmetric constant energy surface in the transformed space. Note
that this transformation is on the reciprocal lattice, which means it only makes the constant energy
surfaces spherical in the reciprocal space. In Section 3.4, we will discuss a metric transforma-
tion that acts on both reciprocal and real lattices. The primary advantage of the Herring-Vogt
transformation arises in modeling scattering processes. Since scattering is treated as an instanta-
neous event in our simulations, where the charge position remains unchanged, we can transform
to the isotropic Herring-Vogt frame, apply the scattering process more easily, and then transform
the resulting wavevector back to the original anisotropic frame. This approach allows us to treat

anisotropic scattering dynamics using isotropic models while preserving physical correctness.
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We are now ready to describe how we model the scattering process and how we calculate
the post-scattering charge and phonon states. To apply the isotropic scattering theory developed in
Section 2.5 to the anisotropic band structure of materials like silicon and germanium, we first apply
the Herring-Vogt transformation to the reciprocal lattice, enabling us to perform the scattering
processes in an isotropic frame. Once the transformation is applied, we model each intravalley
scattering event using a differential probability distribution derived from deformation potential
theory [26, 53]. The angular probability density function (PDF) for an acoustic phonon to be

emitted at angle 6, measured with respect to the charge carrier’s initial wavevector k, is given by:

hk? Ko\
P — B ] 31
(k,0)dé i (cos@ ? ) sin 6 d6, (3.31)

where 6 in the left-hand side of Figure 2.9 and other symbols are defined in Section 2.5.1, and
0<6 <cos! (%) < /2. This distribution ensures both energy and momentum conservation
and enforces forward-directed emission. Given a value of 6, the rest of the kinematics are uniquely
determined; the kinetic energy of the charge is reduced, and the updated charge and phonon states
are transformed back into the anisotropic crystal frame. In the simpler case of intervalley scattering
described in Section 2.5.2, which we model as the right-hand side of Figure 2.9, there are no
phonons, so the process is simply the electron changing its valley while the electron’s wavevector
preserves its angle with the new valley.

Lastly, it’s important to describe how the scattering events affect the trajectory of the charges. In
the absence of scattering, as discussed in Section 3.2, the path of a charge carrier evolves smoothly
under the influence of a valley-dependent acceleration. However, once intravalley scattering is
included, each event alters the direction of motion while simultaneously reducing the kinetic en-
ergy of the charge. Over time, as multiple phonons are emitted, the information about the original
velocity is essentially washed away and what remains becomes dominated by the direction of the
anisotropic acceleration vector @,, = M, LF'. This phenomenon produces a focusing effect, where

the trajectory is drawn into alignment with the acceleration direction. Figure 3.8 illustrates this
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behavior by comparing charge trajectories in the presence and absence of intravalley scattering as
shown in Figure 3.3. In contrast, intervalley scattering changes the identity of the valley altogether,
rotating the charge’s direction into a new valley-aligned frame while preserving its angle relative
to the valley axis. This process causes electrons to deviate from the principal focusing axes and
land between the primary impact zones, as seen in the arrival patterns in the real experiment results
shown in Figures 1.12, and 1.13. The combined influence of repeated intravalley and occasional
intervalley scattering leads to distinct clustering and spread in arrival distributions, which we will
investigate in greater detail in Chapter 4 using Monte Carlo simulations.

Having concluded our description of the expectations for the trajectories of charges in an
anisotropic crystal with an external field, and including scattering, we now turn to a pseudo-
relativistic formulation of charge transport. In the next section, we provide motivation for ex-
pressing energy, momentum, and velocity using a pseudo-relativistic framework built upon an
anisotropic mass tensor. The formalism we introduce converges to standard special relativity in
the vacuum limit while preserving the anisotropic dynamics of semiconductors in the low-energy

regime.
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Figure 3.4: This figure shows the simple relationship between the kinetic energy of a particle in an
isotropic medium and its wavevector by indicating all the same energy points in wavevector space,
known as a constant energy surface. We show it because, in an isotropic medium, the constant
energy surface is spherical, leading to a perfect alignment between velocity and wavevector direc-
tion, where both are normal to the constant energy surface due to v = %ﬁ,;e(lg) Note that in the
velocity description, we have used the effective mass, m*, which, in the limit of vacuum, turns into
the rest mass of the charge.
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Figure 3.5: This figure shows the same diagram as in Figure 3.4 but for a anisotropic crystal.
We show it because in a semiconductor crystal, like silicon, the constant energy surfaces have an
ellipsoidal shape due to the semiconductor energy band structure. Note that we are no longer using
the effective mass in the velocity but a tensor M that is defined so that the effective mass and

directions are correct.
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Figure 3.6: In this figure, we show a two-dimensional view of Figure 3.4, but where we have
added in the acceleration for the case where there is a force. We show this because, in this case, an
external force causes the particle to accelerate in a direction that is aligned with the force. What
is important is that while the velocity and acceleration point in the same direction in this simple

case, the alignment is really normal to the tangent to the surface of constant energy, which will be
different in the anisotropic medium.
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Figure 3.7: This figure shows the same quantities shown in Figure 3.6 but for the silicon case shown
in Figure 3.5. We show this because, in a semiconductor, in the same way that the velocity and
wavevector are no longer in the same direction, an external force causes the particle to accelerate
in a direction that is not aligned with the force but governed by the same mass tensor M. These
behaviors result in phenomena such as varying charge velocity magnitudes for the same energy but
different directions, as shown in Figure 3.2.
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Figure 3.8: This figure shows the same case as described in Figure 3.3, but where intravalley
scattering is included. We show it because with intravalley scattering, all the charges in the same
valley axis (both valley and anti-valley charges) end up in a small region between the acceleration
direction and the valley due to their energy loss as they propagate.

92



3.4 A Pseudo-Relativistic Framework for Carrier Dynamics in Anisotropic Crystals

In this section, we extend our semiclassical model of charge transport by introducing a pseudo-
relativistic geometric framework that incorporates the effects of the anisotropic band structure.
While the calculations in the previous sections were done with non-relativistic quantum mechan-
ics, and our modeling is based on the low-energy assumption, a pseudo-relativistic formulation
becomes useful as the Geant4 simulation infrastructure relies on relativistic relationships between
energy and momentum when propagating, scattering, and decaying particles. Additionally, it
also adds the advantage of allowing us to think of the anisotropic medium as an analogy of the
curved space-time geometry of general relativity. In the first paragraph, we construct a gener-
alized spacetime geometry that enables us to incorporate pseudo-relativistic corrections into the
non-relativistic equations in a way that retains their essence. In the second paragraph, we extend
the pseudo-relativistic formalism we have developed to define both the covariant and contravariant
four-momenta, which, by using its spatial part, allows us to describe both the wave-like descrip-
tion of the charge (through the wavevector) and the particle-like modeling of it, consistent with the
crystal band structure.

A generalized pseudo-relativistic spacetime geometry can be constructed to enable us to use
our non-relativistic results with minor corrections. To develop a consistent, real-space description,
especially one that smoothly reduces to the semiclassical equations derived in previous sections,
we introduce a Minkowski-like geometry with a modified spatial metric determined by the mass

tensor. We define a pseudo-Minkowski metric g,,,, in the valley-aligned coordinate frame as:

1 0
G = . where H?= %, (3.32)

0 —H? o

where we have used the same definitions as in Equation 3.28. As a check, we note that in a

vacuum, this geometry reduces to the Minkowski geometry, which matches the special relativity
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results. This metric allows us to define an invariant spacetime interval as:

M,

ds? = *dt* — (7]
mo

|7), (3.33)

which generalizes the flat spacetime structure of special relativity to incorporate anisotropic crystal

dynamics. Dividing by ¢?, we express this interval in the form of proper time dr:

M,

dr? = dt* — (¢ i 3.34
T (7] e | %), (3.34)
leading to a generalized Lorentz factor:
1
V= . (3.35)
1 — (0] 700)

Using this, we define the four-velocity U* of a charge carrier as:
U" = (ey,~0), (3.36)

where the spatial component ¥ = d#/dt is the physical velocity in the lab frame. The total pseudo-

relativistic energy is then expressed as:

2
€(T) = ymoc® = oc . (3.37)

1 — (0] 20

In the classical (non-relativistic) limit where v/c < 1, to the second degree, this expression ex-
pands to:

1 1
dmzmﬁ+§mwmm=m+§mwmm, (3.38)

recovering the semiclassical formulation previously derived in Section 3.1.
We extend our pseudo-relativistic formalism to define both the covariant and contravariant four-

momenta, which, by using its spatial part, allows us to describe both the wave-like description of
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the charge (through the wavevector) and the particle-like modeling of it, consistent with the crystal
band structure. As shown in Section 2.3.2, the wavevector k enters the wavefunction through the
phase factor k-7 asin Equation 2.15, which is also used in our particle like modeling in Equa-
tion 3.1. Since the position 7~ transforms as a contravariant vector under coordinate changes, the
wavevector E, which forms a scalar product with it, must transform as a covariant vector. This
guarantees that the phase k - 7 remains invariant under coordinate transformations. To formalize
this, we define the covariant four-momentum P, and its components 150 and ﬁquasi, where the term
quasi-momentum is used to describe the charge momentum in an anisotropic crystal. We deter-
mine the values by lowering the index of the contravariant four-velocity U* using the generalized

anisotropic metric g, introduced in the previous paragraph:

P, =myU, = ngg,wU” = Ymy ! 0 ‘ = ot = _’0 . (339
v 0 —H?| |7 —M, v —Puasi
This form of the covariant momentum ensures that the spatial components encode the anisotropic
inertial response of the charge carrier, as described by the band structure near the valley minimum.
To extract the physical wavevector, we interpret the spatial part of the covariant four-momentum
(the quasi-momentum) ﬁquasi as:

—

Pquasi = ’yMng = h];: (3.40)

This expression generalizes the classical relation between wavevector and velocity by including
both the anisotropic mass tensor and the pseudo-relativistic Lorentz factor . In the non-relativistic

limit where v — 1, we recover the semiclassical particle model introduced in Section 3.1:

=
I

M, 0. (3.41)

St =

The Lorentz factor in terms of the spatial part of the covariant four-momentum can be calculated
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as:

. 1
’Y - 1 — M;l —
\/1 - $<Pquasi moc2 ‘Pquasi>
LM
2 _ n
=7 = I+ <Pquasi| m002 |Pquasi> (342)

" ML
=7 = \/1 + <Pquasi|mypquasi>-

Combining it with Equation 3.40, we get:

— -1 —
y = \/ 1 R | (3.43)

mo

which can be compared to Equation 3.35. Now we can rewrite the energy-wavevector relationship

as:

€(T) = ymoc?

2 5 Mt 5
= MyoC 1+ <Pquasi’W‘PquaSi> (344)

= mOCQ\/l + B2(K|

where in the non-relativistic limit, we recover the Equation 2.34:

ML=
o),
0

c2

. 1. - . 1. - .
e(k) = moc® + 5712%’/\/151“?) =€+ §h2<k\Mﬁl\k>- (3.45)

Since it will be useful in our simulations, we note that we can introduce the contravariant four-
momentum, where we have suggestively labeled the spatial part of the contravariant momentum

the transport momentum or ]3“:

c PO
Pt =moU" = ymy =1_ 1| (3.46)
U Pt
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where

PY = ymyot. (3.47)

The most useful property of this quantity is that it is related to the velocity linearly and can fully
describe the charge’s movement in real space. It also allows us to calculate the Lorentz factor
and hence energy € = ymyc?, in terms of the transport momentum by inserting Equation 3.47 into

Equation 3.35:

1

\/1 _ LZ <ﬁtr ﬁtr>
K (3.48)
:}7:\/1+<ﬁtr ﬁtr>7

and therefore, the energy can be written in terms of the transport momentum as:

My
m3c?

n

302
mic

2 —
M—”C’Ptr>. (3.49)

mo

g(ﬁtr) = ’ymocQ = \/m(2)04 + <ﬁtr
Finally, we can relate the quasi-momentum and transport momentum using Equation 3.40:
PY = ymo¥ = moM;; P = oM k. (3.50)

Having established a pseudo-relativistic framework for modeling charge transport in anisotropic
semiconductors, we next use it to address some of the technical issues surrounding the implemen-
tation of our model within a simulation. The particle-like description and the scattering models
discussed throughout this chapter must be incorporated into a computational framework that ac-
curately combines the deterministic and probabilistic behaviors of charge carriers. In the next
section, we describe the Monte Carlo simulation techniques used to implement and execute these
models, including the generation of charges, their propagation, and the probability of scattering

interactions within the context of Geant4.
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3.5 Technical Notes about Some of the Monte Carlo Methods used in our Simulations

In this section, we outline some of the methods used in our simulation to model the full tra-
jectory of charge carriers. Like most simulation programs, the implementation is accomplished
by stitching together a series of steps, beginning from the initial particle creation and proceeding
through their propagation and subsequent scattering events. While Geant4 is an incredibly pow-
erful and flexible tool that can simulate both the deterministic aspects of charge transport, as well
as the probabilistic nature of the scattering and decaying processes, utilizing Monte Carlo tech-
niques, it makes a number of simplifying assumptions about the relationships between many of
the kinematic variables that aren’t compatible with trajectories within anisotropic media. For this
reason, it is interfaced with the custom G4CMP framework, which allows for custom handling of
momentum, energy, and direction to ensure physical accuracy within anisotropic media. While
the simulation has many moving parts, we focus on three main ones that are most relevant to this

work:

* Event creation in which a charge is generated following an energy deposition, where elec-
trons and holes are initialized with specific valley assignments and energies as determined

by a chosen set of probability distributions (Monte Carlo methods).

» Charge propagation between scattering events, where the motion of particles is governed by

the deterministic equations of motion described in this chapter.

* Scattering events, where transitions between valleys or directions occur due to elastic inter-

actions or interactions that emit phonons, are determined probabilistically.

In the first paragraph, we describe the Monte Carlo methods used to generate the initial charge
carriers in our Monte Carlo simulation to form the start of an event. In the second paragraph, we
describe the processes Geant4 uses for the deterministic portions of the charge trajectories. In the
third paragraph, we briefly comment on which of the calculations can effectively set v = 1 and

which cannot. In the fourth paragraph, we derive the equations that G4CMP uses to determine the
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physical quantities passed to Geant4 before and after a particle’s trajectory segment. In the fifth
paragraph, we spell out the calculations and Monte Carlo methods used to incorporate scattering
into the simulation between the free-propagation segments. In the sixth paragraph, we dive deep
into the mathematical work used in our modeling of intervalley scattering.

Monte Carlo methods are used to generate the initial charge carriers in the simulation to form
the start of an event. Following an energy deposition, the simulation spends all the energy to create
electron-hole pairs and prompt phonons. All electrons and holes created have the same initial total
energy, approximately three times the bandgap, to prevent them from recombining [63]. Each
generated charge is assigned a random direction uniformly sampled over the unit sphere. The
simulation then determines which valley this direction most closely aligns with by calculating the
angle between the selected direction and each of the valley directions, and assigning the charge
to the valley that yields the smallest angle. This initialization ensures that subsequent charge
dynamics begin in a physically consistent valley-specific frame.

The processes Geant4 uses for the deterministic portions of the charge trajectories only require
the initial momentum, mass, and net force for its calculations. Since there is no unique method
to calculate the trajectories, Geant4 utilizes variables based on the spacetime interval, ds, so the
input information it requires and the set of assumptions it makes for calculations must be taken

into consideration when applying them to our purposes. We note that:

* The input variable versions Geant4 uses to determine its equations of motion can be thought

of as the initial direction of motion, j—f , an effective force which is the derivative of the

dP

So and the effective lab time of

momentum vector with respect to the path length, f =

flight given by the derivative of the time of flight with respect to the path length, ¢;,s = di.

ds
* As Geant4 uses momentum in the real space for transport, its momentum would be the

contravariant momentum or transport momentum, P', introduced in Equation 3.47.

* Since the calculations for the trajectory over time of a step are done as a geometrical problem

using ds instead of dt, all results are independent of mass and charge, but assumes that that
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both f and t;,; are constant during a step. For a variable field or mass, this means the steps

must be small.

» After each propagation step, Geant4 returns the charge’s updated position, but only stores
the updated transport momentum, since it assumes all relevant quantities can be deduced

: 2 2 4 Ptr|2 .2
from them, such as energy using ¢* = mz,,..c* + |P"[*c*.

With these assumptions in mind, we note that since there are significant differences between
Geant4’s variables and the methods and equations used in Section 3.1, G4CMP provides custom

handling of variables both before and after the trajectory step. Specifically:

—

* Before the calculation of the trajectories, Geant4 must be sent the momentum direction, f
and t,,. In isotropic media, these are just the standard definitions of the momentum unit
vector direction, force over velocity %, and inverse velocity ﬁ However, for anisotropic
media, we need to assign custom values for each of these such that a charge will end up in
the right location according to the equations of motion, i.e., values based on the quantities

from Equations 3.13, 3.14, and 3.25.

* For isotropic media, the standard kinematic results can be directly interpreted and used for
any next step in the simulation. However, given the inputs above, while the magnitude
and direction of the transport momentum in Equation 3.47 will be correct, the remaining
kinematics will not be what is expected in Equations 3.48, 3.49, and 3.50 as Geant4 uses
the given scalar mass of the charge mass to deduce the Lorentz factor, energy, velocity, and
wavevector from transport momentum. For this reason, we replace the value of the mass
stored in Geant4 (not used in calculating the trajectory) with an effective mass, meg, that
provides the correct energy before any further steps are taken as other processes use the
Geant4 energy, and calculate the velocity and wavevector using Equation 3.40 whenever we

need them.

It’s useful to briefly comment on which of the calculations can effectively set ¥ = 1 and which

cannot. At low energies, it is often valid to assume v ~ 1 for calculating the f and t,., as the
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. . . . 31 2 .
relative error on the final position and momentum remains of order O (“;—L) To see that, in a
simplistic scenario of n steps of sy length, each with a AS—Z’O error, the total error for the whole path

of ns would be 2% < %ﬁ“ = A0

= = 5.5 which means the error would remain negligible. However,

for energy calculations, Geant4 consistently applies the relativistic energy-momentum relation
€2 = m2;c* + | P2¢2 so setting y = 1 in Equation 3.47 would mean using the energy from Equa-
tion 3.38 instead of Equation 3.37. This would introduce a systematic error in scenarios where m.g
is used, particularly in scattering events that produce a phonon. For example, in a phonon emission
scattering, using Equation 3.38 to calculate the charge energy before and the charge and phonon
energy after would show a mismatch. While the bias scales as % ~ 107" per scattering interaction
in principle, the weight of each error caused by each step varies based on the energy of the step. In
our setting, due to energy gains from the electric field and energy loss from intravalley scatterings,

the total energy remains relatively constant, resulting in each error having the same weight in the

total error. Ultimately, since all the errors are in the same direction, the total error scales linearly

nAe
€

with the number of steps in the form of

, where n is the number of steps. Since there can be
large numbers of interactions, these small conservation of energy errors accumulate over time to
yield observably incorrect results. To eliminate this issue, we adopt the pseudo-relativistic formal-
ism introduced in Section 3.4 for determining m.g consistently with Geant4’s energy calculation.
Specifically, since Geant4 returns the correct value of the the transport momentum P'" we use
Equation 3.49 in our calculation of m-.

The quantities passed to Geant4 before and after a particle’s trajectory segment, the effective
force f the lab time-of-flight ¢;.,¢, and the effective mass m.g, are calculated in G4CMP. Each is
a function of the transport momentum ptr, Using the definition of P' from Equation 3.47 and
assuming v = 1, we take:

dt 1 1

tigf =—=— = ———. 3.51
tof 7 ds |7 me| Ptr| ( )

For the effective force f, we again assume 7y = 1, and differentiate the transport momentum leading
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to:

d(PT)  dtd(m) 1 1 e
Az _ddmey) G = —m ME, 3.52
P T & |mm a |77|m M (3.52)

f=
where F is the electric force acting on the charge and M is the mass tensor. Because M depends

on the direction of motion, small simulation step sizes are enforced to preserve accuracy. To ensure

Geant4 calculates the correct kinetic energy based on P and Equation 3.49 we calculate m.g via:

Chin = \/mgffc4 + |Pu2c2 — megc?,  where €, = e(PY) — m.c?,

‘15; 2c2 — 2, 1 |I3tr|202 _ e(ﬁtr) — m.c? (3.53)
= Megg = —2 . IZtrl = “kin — _2 . _

2c €kin 2c G(Ptr) . mcCZ

Since we anticipate that future developers of G4CMP will find it useful, we spell out the cal-
culations and Monte Carlo methods used to incorporate scattering into the simulation between the
free-propagation segments. Scattering events are treated as instantaneous transitions, during which
the direction and energy of the charge carrier may change, and phonons may be emitted. We note
that G4CMP handles the process fully, which means, unlike the propagation process discussed
earlier, we don’t need custom handling of the input variables. Intravalley and intervalley scattering
are considered separately, and the scattering rate calculations in Section 2.5 are used with Monte
Carlo methods to calculate when they occur as the series of trajectories progress. The two mech-
anisms also affect the charge trajectory differently, as discussed in Section 3.3. As described in
Section 2.5.2 in this work, we assume intervalley scattering randomly reassigns the charge to a
new valley of the same type, preserving the angle between the charge’s wavevector and the valley
axis during the transition. This is implemented by rotating the charge’s state into the frame of the
new valley, while maintaining the original angle. The implementation of intravalley scattering is
done on a microscopic level and therefore requires more mathematical work as described below.

The calculations for intervalley scattering are all modeled as acoustic phonon emission and use
the Herring-Vogt transformation to switch from the lab frame to the spherical frame, determining
the final-state kinematics probabilistically using standard tools, and then transforming back again.

Using conservation of energy and momentum in this frame, the emitted phonon wavevector ¢,y
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can be given by:

|G| = 2(|/§hv| cos 0 — kqe), (3.54)

where ky,, is the initial charge wavevector in the Herring-Vogt frame, k,. is the effective threshold
wavevector defined in Equation 2.40, and 6 is the emission angle and is sampled according to a dif-
ferential probability distribution derived from the interaction physics. Each scattering interaction
is implemented using a Monte Carlo method based on the corresponding angular distribution of
the emitted phonon in the spherically symmetric reference frame (after the Herring-Vogt transfor-
mation). For completeness, we note that to sample the emission angle ¢, we begin by integrating
the probability distribution function P(k, §) in Equation 3.31, to obtain the cumulative distribution

function (CDF) u:

0
u:/ P(kny,0') d¢’
0
Bhoe (k) [° . S
= e (kac) /0 (cos& T sin 6" d6 (3.55)
Hhine (i Fac Fac \?
=3 “lc <k;h ) lcos?’é—?) (k_> cos? 6 + 3 (k_> cos&] ,
mig ac hv hv

where [( is the characteristic length as defined in Equation 2.41 and m is the charge mass. To

sample 6, we invert the above expression by solving for cos 6 as a function of u:
kae \? [ K ml k
9 _ —1 3/ ac ac 3 0 ac . 356
cos \/ (khv ) ( khv * hkac vt khv ( )
We define the valid domain for sampling by evaluating the CDF at its extrema:
hae (i) Kae Fac\
emzn:0:> max — 1-3 3 ,
" 377/LZO ( kac ) ( khv + ( khv ) )
0 o COSil kac - . hkac khv ? kac ’ - hkac kac
mas khv e 3ml0 kac khv n 3mlo khv )

To facilitate uniform sampling, we define a normalized random variable u* € [0, 1] by linearly

(3.57)
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mapping 4 € [Umin, Umax):

U — Umin
Umax — Umin

hkac Kac
u + 3mlo kny

- @(km)?(l_@)?’ (3.58)

" 3mly \ kac Kby
kac ? kac mlO kac -
= — 3 1-— .
(m) (khv i hk”) < khv>
Substituting ©* into Equation 3.56, we obtain the expression:
. Fae \* | Fac
0 = cos™! \3/u <1 — khv> | (3.59)

To ensure monotonicity (i.e., increasing v yields increasing 6), we define a reflected variable v** =

1 — u*, yielding the final sampling formula:

Kae \° Kae
0 = cos™" i/(1 — ) (1 -7 ) +oel 0SuT <L (3.60)
hv hv

This expression provides an efficient and accurate way to sample the phonon emission angle 6
consistent with the angular distribution. To complete the remaining direction components, the
azimuthal angle ¢ € [0, 27) is sampled uniformly, and the pair (6, ¢) specifies the direction of
the emitted phonon in the Herring-Vogt frame. Together with energy conservation, this direction
uniquely determines the post-scattering kinematics of the charge and phonon in the Herring-Vogt
frame. Lastly, by an inverse Herring-Vogt transformation, the process is completed, and we update
meg as the energy of the charge is now changed.

Having established our particle-like modeling and the foundational components of our Monte
Carlo simulation, we are now ready to simulate how these mechanisms collectively shape charge
transport at a larger scale. Before presenting the full G4CMP results, we build physical intuition

and isolate the dominant effects contributing to observable behavior by constructing a simplified
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simulation that implements the core transport principles developed in this chapter, which we will
refer to as a "toy" simulation. This approach enables us to visualize and analyze the macroscopic
consequences of microscopic processes, without the full complexity of the SuperCDMS detector
simulation. In the next chapter, we present this toy simulation framework and demonstrate its
effectiveness in capturing the essential features of charge transport relevant to our experimental

context.
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4. SIMULATING THE DOMINANT EFFECTS WITH A TOY SIMULATION

In this chapter, we present our simplified simulation framework, toy model, designed to isolate
and visualize the dominant effects that shape the motion of electrons in semiconductor crystals as
described in previous chapters. While the full simulation described in Chapter 5 incorporates a
comprehensive set of physical processes, including phonon tracking, boundary interactions, and
realistic device geometry, here we focus on pedagogy. Our goal is to get an intuitive sense of how
each of the microscopic processes and effects, such as anisotropic band structure, electric field,
and scattering processes, influences the trajectories, final positions, and arrival time distribution
of the charge carriers. By stripping away complicating effects and running simulations in simple
geometries, where effects can be turned on and off, we can build intuition about the core dynamics
governing electron transport in materials like silicon and germanium.

The toy model focuses on electrons with fixed energy emitted from a point source, as shown
in Figure 3.2, at the center of a rectangular detector volume. We create several datasets, listed in
Table 4.1, with different configurations. We vary the underlying band structure (from isotropic
to anisotropic), the presence of an applied electric field, and whether intravalley and intervalley
scattering mechanisms are enabled to simulate the macroscopic result of the microscopic behaviors
shown in Figures 3.1, 3.3, and 3.8. This allows us to compare them side by side and directly observe
how each effect modifies the electrons’ spatial paths and arrival distributions at the detector surface.
These results serve as a qualitative benchmark for interpreting the more complex and quantitative
simulation results presented in the next chapter.

We start by describing the setup of the toy simulation and specifying the configurations we used
to generate the results. All simulations are performed assuming a simple rectangular crystal with
dimensions 80 x 80 x 24 mm?, as listed in Table 4.2 with each electron starting at the geometric
center of the crystal (z = y = z = 0) with a fixed energy and emitted uniformly in all directions.
This ensures that any features of the trajectories or surface arrival distributions arise entirely from

the physical modeling rather than initial conditions. The valley orientation of each crystal is chosen

106



to highlight the specific transport behaviors we aim to study. For example, in silicon, we select
a configuration in which the valley axes are either parallel or perpendicular to the electric field,
ensuring that all electrons accelerate along the same axis but with different magnitudes depending
on their valley. For germanium, we orient the crystal so that all valleys make the same angle with
the field, leading to equal acceleration magnitudes but different directions. These specific choices
enable us to test the different consequences of anisotropy in a controlled manner.

The set of simulations produced for our studies is organized in a hierarchical structure, as listed
in Table 4.1. To build intuition, we begin with the simplest possible configuration, an isotropic
crystal with no electric field and no scattering. In this case, electrons move in straight lines at
constant speed, as predicted by the modeling in Section 3.1. We then incrementally introduce one
physical effect at a time before moving to the anisotropic crystal simulation. First, we analyze
how the electric field and intravalley scattering affect the electron propagation'. Then we change
the crystal to an anisotropic one, but without any effects, to observe the impact of an anisotropic
crystal on the electron velocity as described in Section 3.1. After that, we enable an external
electric field and observe its impact on acceleration, as described in Section 3.2. Next, we include
intravalley scattering, which introduces energy emission in the form of phonons and direction
changes due to phonon emission, as modeled in Section 3.3. Then we add intervalley scattering
without including intravalley scattering, which causes charges to transition between valleys without
energy loss, changing their effective mass and acceleration characteristics. Finally, we simulate
the combined effects of electric fields and both types of scattering. This incremental progression
allows us to clearly identify how each new physical process modifies the behavior of the ensemble.

As with any simulation, since there are a number of choices which need to be made, we start
with a discussion of motivation and strategy. The primary goal of the toy simulation is to build a
qualitative intuition about how each effect will impact the charge transportation, but do so in a way
that balances that with simplicity where possible. With this in mind, we note that we made the toy

model unitless, which means the results from the toy simulation are not suitable for a quantitative

IThere are no valleys to scatter between, so there is no intervalley scattering for isotropic scenarios.
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comparison and can only be interpreted relative to each other qualitatively. Similarly, no attempt

was made to fine-tune any of the values. The choice of parameter values for the charge energy,

voltage, and scattering parameters include:

Assume the initial conditions of the charge correspond to an energy of 1 eV, which is at the
higher end of the energy spectrum for an ionized electron in CDMS. This ensures that all

electrons will have at least one Luke emission before any effects due to the electric field.

The step sizes within the simulation are chosen to be a small fraction of the trajectory to
ensure a smooth path between scattering interactions and capture the curvature induced by

the electric field. We choose step sizes to be around 10~° times the detector size in the

10~ 7
Voltage

absence of voltage, and times the detector size in the presence of voltage.

The value of the voltage was set to balance two competing effects: be large enough so that

all electrons end up at the top surface, but not high enough that it obscures the other effects.

The intravalley scattering rates were set so that the electron undergoes a Luke emission
as soon as it reaches its critical wavevector magnitude. For simplicity, we implement this
with characteristic length [, = 0 (defined in Equation 2.41). This reduces the scattering
probability to a Dirac delta function,  (Kreshola — |E |), meaning scattering occurs immediately
once the charge’s wavevector exceeds a predefined threshold. The value of kippesnoiq 1S set
so that an electron would continue to undergo an intravalley scattering until its energy is just
above 10~ times its initial energy. Given the assumption that the initial electron energy is

chosen to be 1 eV, this corresponds to a typical electron energy of 0.1 meV during its path.

While the rate of intervalley scatterings is expected to be small compared to Luke emission
processes at these energies [33, 52, 64], our studies are only useful if there are occasional
scatterings. To implement this, we use a simple stochastic model by rolling a uniform ran-
dom number between O and 1 at each step. If the number falls below the threshold, the

electron undergoes an intervalley transition where the threshold is set to produce about 0.5

108



scatterings on average along the full trajectory to the surface. Although this model is sim-
plistic, it captures the essential voltage-dependent nature of intervalley scattering by tying

the scattering frequency to the step size and thus indirectly to the electron’s kinetic energy.

In Section 4.1, we examine electron transport in an idealized isotropic crystal to establish a
baseline for comparison with anisotropic cases. In Section 4.2, we move to the case of electron
transport in anisotropic crystals without any applied electric field or scattering effects. In Sec-
tion 4.3, we study the behavior of the electron transport in anisotropic crystals under the influence
of a uniform electric field, without including any scattering processes. In Section 4.4, we showcase
how enabling intravalley scattering alters the electron transport and the arrival distributions, with-
out including intervalley scattering. In Section 4.5, the electrons are allowed to change their valley
through intervalley scattering, without intravalley scattering. In Section 4.6, we present the final
results of the toy simulation when all the dominant effects are included, which will qualitatively

be comparable to a realistic experiment.
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Table 4.1: In this table, we list the configuration properties of the datasets simulated using our toy
model with pointers to the figures that use them. We show it to list the set of configuration com-
binations that are used to help illustrate the crystal band structure, voltage, intravalley scattering,
and intervalley scattering effects on how electrons move in a crystal. Note that all samples are
generated with 1 eV monochromatic energy electrons emanating from the pointx =y = 2 = 0
(center of the detector) uniformly in all directions. The details about the detectors used in these
samples are described in Table 4.2

Simulated Datasets
# | Crystal Voltage | Intravalley | Intervalley | Trajectory | Top Surface Arrival
Type Scattering | Scattering | Figures Distribution Figures
1 Isotropic Disabled | Disabled Disabled Figure 4.1 | Figure 4.2
2 | Isotropic Enabled | Disabled Disabled Figure 4.3 | Figure 4.4
3 | Isotropic Enabled | Enabled Disabled Figure 4.5 | Figure 4.6
4 | Si(100) Disabled | Disabled Disabled Figure 4.7 | Figure 4.8
5 | Ge(100) Disabled | Disabled Disabled Figure 4.9 | Figure 4.10
6 | Si(100) Enabled | Disabled Disabled Figure 4.11 | Figure 4.12
7 | Ge(100) Enabled | Disabled Disabled Figure 4.13 | Figure 4.14
8 Si(100) Enabled | Enabled Disabled Figure 4.15 | Figure 4.16
9 | Ge(100) Enabled | Enabled Disabled Figure 4.17 | Figure 4.18
10 | Si(100) Enabled | Disabled Enabled Figure 4.19 | Figure 4.20
11 | Ge(100) Enabled | Disabled Enabled Figure 4.21 | Figure 4.22
12 | Si(100) Enabled | Enabled Enabled Figure 4.23 | Figure 4.24
13 | Ge(100) Enabled | Enabled Enabled Figure 4.25 | Figure 4.26

Table 4.2: In this table, we list the important geometric parameters for the three different detector
types that are used in the toy simulations. We show it to specify the configuration details used to
make the datasets. We note that while the orientations of the crystals described in Chapter 2 are
chosen to be the same as used by the SuperCDMS experiment [65, 66], shown in Figures 1.6 and
1.7, the shape and size used in the simulations are kept identical for simplicity. The scattering and
other parameter values and methods, selected for pedagogical instead of quantitative reasons, are
described in the text.

Toy Simulation Detectors Information
Crystal Type Shape Size Valley Orientations
Isotropic Rectangular 80 x 80 x 24 mm? None
Si(100) Rectangular 80 x 80 x 24 mm? [£1,0,0], [0,%1,0], [0,0, £1]
Ge(100) Rectangular 80 x 80 x 24 mm? [+1,+1, +1]
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4.1 Toy Simulation Results: Isotropic Medium

In this section, we examine electron transport in an idealized isotropic crystal to establish a
baseline for comparison with anisotropic cases. This configuration allows us to isolate the geo-
metric and kinematic aspects of charge propagation without the complexities introduced by band
anisotropy or scattering. By analyzing electron motion with no applied electric field, with an
electric field, and then with intravalley scattering added, we develop intuition for how each effect
shapes the trajectory arrival position and time distributions in the simplest case?. Additionally, as
we assume a scalar effective mass for holes as described in Section 2.4.1, these results form our
expectations of hole transportation. We also note that we do not include the case of intervalley
scattering, as an isotropic medium can be thought of as having only one energy band extrema in
the Brillouin zone at I'-point (E = 0), as discussed in Chapter 2. In the first paragraph, we describe
the behavior of electrons propagating in an isotropic medium with no external electric field and no
scattering effects. In the second paragraph, we introduce a uniform external electric field directed
along the negative z-axis and describe its influence on electron motion in the isotropic crystal. In
the third paragraph, we add intravalley scattering to observe its effect on electron trajectories.

We start with the behavior of electrons propagating in an isotropic medium with no external
electric field and no scattering effects. Since the effective mass is scalar and direction-independent,
as described in Equation 2.33, all electrons with the same energy propagate at the same speed re-
gardless of their initial direction. Figure 4.1 shows that the electrons travel in straight lines outward
from the origin, preserving the spherical symmetry of the initial conditions. The surface arrival
points form an arc tangent distribution on the top face, as seen in Figure 4.2, and the arrival times
depend only on the straight-line distance traveled. This configuration provides a clean benchmark
for observing how additional physical effects break the spherical symmetry.

We now introduce a uniform external electric field directed along the negative z-axis and de-

scribe its influence on electron motion in an isotropic crystal. Since the band structure is isotropic,

2We also note that the isotropic case can also be used as a sanity check for the toy simulation, as it should behave
like a free charge case.
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using Equation 3.24, the acceleration vector is always aligned with the electric field. Figure 4.3
shows that with a high enough electric field, all electrons are deflected toward and reach the top
surface, and their trajectories exhibit cylindrical symmetry around the field axis. This focusing
effect results in a circular arrival pattern on the top surface, as seen in Figure 4.4, and reduces the
average arrival time due to the accelerating force.

We next add intravalley scattering to observe its effect on electron trajectories. As described
in Section 3.3, each scattering event reduces the kinetic energy and alters the velocity direction of
the electron. It is worth noting that in the isotropic case there are no valleys so here each scattering
only introduces a random component to the trajectory, thereby reducing the influence of the initial
conditions. As shown in Figure 4.5, the trajectories become more compact. The arrival points in
Figure 4.6 form a tighter circular pattern, while the arrival time distribution broadens and shifts to
later times due to the reduced average speed caused by repeated energy loss.

Having concluded our examination of electron transport in an isotropic medium, we have estab-
lished a clear baseline for understanding how geometry, acceleration, and scattering individually
influence charge trajectories and surface arrival patterns. With this reference in hand, we now turn
to anisotropic media, where valley-dependent effective masses break this symmetry and introduce

new directional behaviors in the charge dynamics.
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Figure 4.1: This figure shows three views of the simulated trajectories of a mono-energetic point
source of electrons in the isotropic band structure crystal described in Table 4.1 with no electric
field and no scattering effects. We show it because in the absence of the electric field and scattering
effects, electrons move in a straight line, and we see spherical symmetry around the origin. The
figure on the top shows the initial directions and velocities, which are uniformly distributed in all
directions. The figure on the bottom shows two versions of the trajectories in the xz plane; the
top version shows a subset of the trajectories in all directions, while the bottom shows a subset of
those trajectories that hit the top surface.
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Figure 4.2: This figure shows the distribution of electron arrival positions and times on the top
surface of an isotropic crystal for the same sample and configuration as the bottom portion of
Figure 4.1. We show it because, in the absence of the electric field, the pattern on the surface
can be easily understood as being from purely geometric effects. The top portion of the figure
shows the density of arrival points, and is well described by an arc tangent pattern relative to the
center. The bottom portion shows both the two-dimensional heat map of the arrival times and a
one-dimensional histogram, which have the same distribution for the same reasons because the
electrons are mono-energetic. Note that due to how we choose whether the trajectory hits the
surface, some events will be chosen as if they hit the top surface, while in fact, they hit a sidewall.
This will be true for all cases without voltage, but for the cases with voltage, we can choose the
voltage to be large enough so that no event hits a sidewall. This artifact causes the abnormal
distribution on the = 40 and y = +40.
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Figure 4.3: This figure shows the electron trajectories in the toy isotropic crystal simulation config-
uration with an electric field in the negative z direction that is large enough such that all electrons
reach the top surface. We show it for comparison with Figure 4.1. We note that in an isotropic
crystal, the acceleration caused by an electric field has the same axis as the electric field. This
causes a symmetry of the trajectories around the electric field and acceleration axis for electron
trajectories.
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Figure 4.4: This figure shows the distribution of the arrival positions and times on the top surface
of an isotropic crystal with an electric field but without scattering effects. We show it to illustrate
the effect of the application of the electric field so that it can be compared to Figure 4.2. We note
that the electric field and the symmetry mentioned in Figure 4.3 result in the top surface arrival
points being tightly clustered around the acceleration and electric field axis, and the average arrival
times are lower. This figure sets the baseline for future comparisons with the top of Figures 4.8
and 4.10 as other effects are added.
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Figure 4.5: This figure shows the trajectories in an isotropic crystal with both a voltage and in-
travalley scattering but without intervalley scattering. We show it to illustrate the effect of the
Luke scattering in the electrons’ trajectories in an isotropic crystal. Comparing with Figure 4.4,
we see that intravalley scattering causes electrons to lose their speed quickly and get scattered soon
after they accelerate enough. This results in a smaller spread around the electric field axis.
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Figure 4.6: This figure shows the distribution of the arrival positions and times on the top surface of
an isotropic crystal with both voltage and intravalley scattering but without intervalley scattering.
We show it to highlight the impact of the intravalley scattering in the electrons’ arrival position and
time distributions in an isotropic crystal. Comparing with Figure 4.4, we see that the distribution
is much tighter around the origin as the intravalley scattering causes electrons to remain at a low
energy, and that the arrival times are significantly later due to slower average speeds. We also note
that the arrival times distribution also changed from exponential-like to skew-Gaussian-like.
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4.2 Toy Simulation Results: Anisotropic Medium Without Electric Field or Scattering

In this section, we present the toy simulation results for electron transport in anisotropic crystals
without any applied electric field or scattering effects. As described in Section 3.1, in the absence of
external forces and interactions, charge carriers move along straight-line paths. However, because
of the anisotropic effective mass tensor associated with each valley, the velocity depends not only
on the energy but also on the orientation of the initial wavevector with respect to the valley axis.
As a result, monoenergetic electrons exhibit different velocity magnitudes for different directions,
leading to anisotropic arrival-time distributions. In the first paragraph, we analyze the impact of
anisotropy in silicon using the Si(100) configuration. In the second paragraph, we explore the
corresponding behavior in germanium using the Ge(100) crystal orientation.

To include anisotropy, we now describe the results of the toy simulation in a silicon crystal
with no applied electric field or scattering processes. As shown in Figure 4.7, the electrons again
propagate in straight lines from the center of the crystal to the detector surfaces, and the spatial
distribution of the arrival points is nearly identical to the isotropic case presented in Figure 4.1.
However, as explained in Section 3.1, the electrons that have a smaller angle with a valley move
more slowly for the same energy. Since all the electrons are moving in a straight line, the top
surface only captures valley [100] electrons. In this case, the electrons that are moving further from
the zyz axes (the valleys in Si(100)) also have a greater angle with the valleys and hence move
faster as described in Section 3.1, resulting in a square-like shape in the arrival-time distribution in
Figure 4.8, even though they have the same arrival position distribution.

For a germanium crystal in a Ge(100) configuration, like the silicon case, all electrons travel in
straight-line trajectories without acceleration or scattering, as shown in Figure 4.9. However, since
in Ge(100) the valleys are along the [4+-1, £1, +1], the electrons that end up further away from the
center of the top surface not only travel a longer distance, but also are closer to a valley and move
slower. This results in the arrival time distribution shown in Figure 4.10.

Having concluded our study of transport without electric fields or scattering in anisotropic

media, we next introduce an external electric field. This addition highlights the role of anisotropic
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acceleration in shaping the electrons’ trajectories and further distinguishes the behaviors of silicon

and germanium under applied fields.

120



[1-1-1]

™75 [111]
—1.00

1.0

101 Trajectories
. ---- [010] Electrons
TE" ---- [010] Electrons
E 0f [100] Electrons
N ] --—- [001] Electrons
---- [100] Electrons
~10 1 8 2 ---- [001] Electrons
-40 —50 -20 -10 0 10 20 30 40
10 A
5 | 3
s ‘*sgg\\\ti\‘ = Toy Simulation
E 04 * Silicon Crystal
N _5] No Electric Field
No Intravalley Scattering
~10+ No Intervalley Scattering
-40 -30 -20 -10 0 10 20 30 40

X (mm)

Figure 4.7: This figure shows three views of the simulated trajectories of a mono-energetic point
source of electrons in the silicon band structure crystal described in Table 4.1 with no electric field
and no scattering effects with colors added to indicate the different valleys each electron travels in.
We show it to illustrate the effect of the silicon band structure on the electrons’ trajectories in the
absence of any complicating effects. Compared with the isotropic case shown in Figure 4.1, we
note that while the electrons still move in a straight line and there is no difference in the electrons’
path, the trajectories have different speeds.
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Figure 4.8: This figure shows the distribution of electron arrival positions and times on the top
surface of a silicon crystal with no electric field and no scattering. We show it to highlight the
effect of the anisotropic band structure of silicon on the electrons’ speed distribution. Comparing
to the isotropic case shown in Figure 4.2, we note that while the arrival positions are the same
(the plot in the top right color codes the valleys for completeness), the electron arrival times are
different in the bottom plots, due to the valleys effect on the speed distribution for the same energy

40

30+

20 1

10

—10+

—20

—301

—40
—40

Last Y (mm)

—40 T T T
-40 -30 -20 -10

40

Arrival Positions

[100] Electrons
[010] Electrons
[001] Electrons
[100] Electrons

[010] Electrons

Toy Simulation
Silicon Crystal
No Electric Field
No Intravalley Scattering
40 No Intervalley Scattering

= N

n =3

Time of Arrival (unitless)
Counts

=
o

o
wn

20 25

Arrival Time (unitless)

electrons, and has a square heat map shape along with more tightly constrained arrival times.
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Figure 4.9: This figure shows four views of the simulated trajectories in a germanium crystal for
the case where we have no electric field or scattering. We show it to illustrate the effect the band
structure has in germanium compared to the silicon and isotropic crystal cases. Comparing with
Figures 4.1 and 4.7, we note that changing only the band structure does not affect the electrons’
paths. However, later in Figure 4.10, we see that changing the valleys affects the electrons’ speeds,
and thus time of arrivals.
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Figure 4.10: This figure shows the distribution of electron arrival positions and times on the top
surface of a germanium crystal in the absence of voltage and scattering effects. We show it to
highlight the difference in the arrival times as a function of crystal band structure. Compared with
Figures 4.2 and 4.8, we note that because the valleys in germanium have different energy levels
and directions than the silicon case, the same energy electrons have different speeds, producing a
different shape of the arrival times.
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4.3 Toy Simulation Results: Anisotropic Medium Under an External Electric Field

In this section, we study the behavior of electron transport in anisotropic crystals under the
influence of a uniform electric field, without including any scattering processes. As described
in Section 3.2, the acceleration of a charge carrier is governed by the anisotropic mass tensor,
leading to directional dependencies in how the electric field alters the trajectory. Even though
electrons still follow smooth paths without interruption, the anisotropy of the mass tensor causes
the acceleration vectors to deviate from the direction of the electric field and vary in magnitude
depending on the valley. In the first paragraph, we describe the toy simulation results for a silicon
crystal in the Si(100) configuration under an applied electric field and without scattering. In the
second paragraph, we describe the corresponding results for a germanium crystal in the Ge(100)
configuration.

Following the format of the previous section, we first look at the toy simulation results for a
silicon crystal under an applied electric field and without scattering. As shown in Figure 4.11,
all electrons accelerate in the direction of the electric field, which is aligned with the negative 2
axis; again, the value of the electric field has been set so that all electrons reach the top surface.
Because the Si(100) orientation has valleys aligned with the x, y, and z axes, all the valleys are
either perpendicular or parallel to the electric field, and all motion can be considered as being in
the longitudinal or transverse direction relative to it. Using Equation 3.25 and the notation there,
we can see that the electrons in the +2 valleys, will experience an acceleration equal to @ = miL as

the electric field aligns with the longitudinal direction of the valley, while the electrons in the £z

and +y valleys will experience an acceleration equal to @ = miT as the electric field aligns with the
transverse direction of the valleys. Since m; > my for both silicon and germanium, as described
in Section 2.4.2, electrons in the +x and £y valleys accelerate faster compared to the £z valleys
electrons. As a result, the trajectories all curve toward the +z direction, but electrons from different
valleys accelerate differently. Additionally, electrons with an initial velocity direction further from

the xyz axes have a higher initial velocity, which causes them to move farther in the zy plane. This

produces a square-like spatial distribution with rounded edges in the arrival locations, as seen in
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Figure 4.12. The arrival time histogram further reflects the two distinct acceleration regimes, with
a clear separation between fast and slow populations corresponding to different valleys.

Next, we move to the corresponding results for a germanium crystal in the Ge(100) configura-
tion. Unlike in silicon, the valleys in germanium are oriented along the [+1, +1, 1] directions. In
this case, all valleys have the same angle with respect to the applied electric field in the negative
z direction, meaning that the magnitude of the acceleration is the same for all electrons regardless
of valley. However, because the direction of the acceleration vector depends on the direction of
each valley, electrons in different valleys are deflected along different paths. As illustrated in Fig-
ure 4.13, electrons from opposite valleys pair together with matching acceleration vectors, resulting
in four distinct propagation directions. Consequently, the top surface exhibits eight spatially sep-
arated arrival clusters that form symmetric groupings around the 2 axis, as shown in Figure 4.14.
In each quadrant, the farther cluster relative to the origin is for the electrons with an initial veloc-
ity pointing downwards, and the closer cluster is for the electrons with an upward initial velocity.
However, in contrast to silicon, the arrival time distribution is tightly clustered, since all electrons
experience the same acceleration magnitude.

Having concluded our examination of transport in anisotropic media under an applied electric
field, we now introduce intravalley scattering into the simulation. This effect disrupts smooth
motion by introducing both energy loss and random angular deflections, and allows us to study

how scattering reshapes electron distributions on the detector surface.
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Figure 4.11: This figure shows three plots of the electron trajectories in a silicon crystal with an
applied electric field, but where the trajectories are separated by their initial valley (pair of direc-
tions in each plot), and the voltage is aligned with one of the valleys in the negative 2 direction.
We show it to highlight the effect of an electric field on electrons paths in an anisotropic crystal.
Comparing to the isotropic case shown in Figure 4.3, we see that all the electrons share the same
acceleration direction (which is the same as in the isotropic case), but the magnitude of the accel-
eration is dependent on the valley the electrons are traveling in.
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Figure 4.12: This figure shows the distribution of electron arrival positions and times on the top
surface of a silicon crystal with an electric field but no scattering. We show it to illustrate the
combined effects of the band structure and electric field on the electrons’ arrival position patterns
in silicon. Comparing to the isotropic case shown in Figure 4.4, we observe that the arrival po-
sition patterns are now square-like. Note that the top right plot is a zoomed-in version of the left
plot. On the bottom right, we see that the arrival time distribution is now separated into early and
late components; the later components are due to the electrons from the z valley having smaller
acceleration from the bottom of Figure 4.11.
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Figure 4.13: This figure shows four views of the simulated electron trajectories for the germanium
configuration with an electric field but without scattering effects. We show it to highlight how
changing the crystal and the angles between the electric field and the valleys can affect the elec-
trons’ trajectories. Comparing to the silicon case shown in Figure 4.11, we note that all the valleys
in the [+1, 41, 1] directions have the same angle with the electric field pointing in the z direction,
all the electrons share the same acceleration magnitude but in different directions. However, each
valley and anti-valley pair shares the same acceleration vector.

129



Arrival Positions

« [111] Electrons

« [111] Electrons

« [111] Electrons

40 15 « [111] Electrons
’ [111] Electrons
[111] Electrons

« [111] Electrons
[111] Electrons

30+
101

201
<

101 \

ﬂ o

Acceleration Projection

Last Y (mm)
o

_101 N s x [111] &[111]
-201 x  [111] &[111]
~10{ [111] &[111]
=301 - - -
X [111] & [111]

-40 ‘ : : -15 : : : : ; . .

-40 -20 0 20 40 =15 -10 -5 0 5 10 15 Toy Simulation

Last X (mm) Last X (mm) Germanium Crystal

Electric Field Applied
No Intravalley Scattering
No Intervalley Scattering

40 2.5

5000
30

N
=)

20 4000 -

10

=
5

Time of Arrival (unitless)

3000

Counts

Last Y (mm)
o
=
o

2000 4

=
n

1000 -
-30

—40 0.0 0+ T T . T T
-40 -30 -20 -10 O 10 20 30 40 0.0 0.5 1.0 15 2.0 2.5

Last X (mm) Arrival Time (unitless)

Figure 4.14: This figure shows the distribution of electron arrival positions and times on the top
surface of a germanium crystal with an electric field but in the absence of scattering effects. We
show it to illustrate how changing the crystal to the germanium configuration affects the electron
arrival patterns. Compared to the silicon case shown in Figure 4.12, the valleys all share the same
acceleration magnitude but not the same acceleration direction, forming distinct clustering in po-
sition at the top surface. We also note that each same-axis valley pair shares the same acceleration
vector, forming four sets of two distributions around the four different acceleration directions (in-
dicated with an x). On the other hand, the time of arrival for the electrons is very clustered, with
very little variation, as all valleys share the same acceleration magnitude. Note that the top right-
hand side plot is a zoomed-in version of the left-hand side plot.
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4.4 Toy Simulation Results: Anisotropic Medium Under an External Electric Field Includ-

ing Intravalley Scattering

In this section, we investigate the effect of intravalley scattering on electron transport in anisotropic
crystals with an external electric field. As described in Section 3.3, while the electric field is in-
creasing the kinetic energy, Luke scattering causes electrons to emit phonons and lose energy as
they propagate. The rapid alternation of processes results in what can be considered to be an ef-
fective speed, or terminal velocity, but with frequent changes in velocity direction. The repeated
energy losses also result in trajectories that increasingly align with the direction of acceleration,
regardless of the initial velocity. By simulating the system with only intravalley scattering enabled,
we isolate its impact on charge motion and surface arrival patterns; quantitative modeling is done in
G4CMP in the next chapter. In the first paragraph, we analyze electron transport in a silicon crystal
with the Si(100) and the same electric field orientation as Section 4.3. In the second paragraph, we
present the corresponding results for a germanium crystal in the Ge(100) orientation.

Again, we start with silicon and describe the interplay between the electric field and scatter-
ing processes that produce the paths and arrival positions shown in Figures 4.15 and 4.16. The
dominant issue is that the direction-based acceleration effectively conspires to bias the overall tra-
jectory over multiple scatterings. As seen in Figure 4.15, electrons rapidly lose their initial kinetic
energy due to repeated emission of phonons, which causes them to scatter frequently and become
more strongly influenced by the electric field. As described in Section 4.3, electrons with velocity
directions that have a larger angle with their valleys gain velocity faster as their acceleration mag-
nitude is bigger, leading them to travel slightly farther between each scatter. This effect, in Si(100),
causes the x and y valley electrons to be more focused on the top surface than the z valley elec-
trons. Additionally, due to Equation 3.13, for electrons with the same velocity magnitude, those
whose velocity vectors are more aligned with their valley direction must have a larger wavevector
magnitude. As a result, based on the scattering rate model in Equation 2.39, they experience a
higher probability of scattering (i.e., a shorter mean free path). This behavior is not limited to the

initial motion; throughout the trajectory, electrons with a velocity direction closer to the valley
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are more likely to scatter again. This means that, throughout the entire propagation, the electrons
move further in the transverse direction than in the longitudinal direction. In the Si(100) configu-
ration, this effect causes the x-valley electrons to spread more along the yz plane and the y-valley
electrons to spread more in the xz plane. Consequently, the arrival points on the top surface form
a characteristic ‘+‘ shaped distribution centered around the electric field axis, as shown in Fig-
ure 4.16. Compared to the no-scattering case, the spatial spread is reduced, and the arrival times
are significantly delayed and more narrowly clustered, due to the electrons’ lower average speeds
because of continuous phonon emissions.

Moving to germanium, the paths and arrival positions are shown in Figures 4.17 and 4.18.
As discussed in Section 4.3, in Ge(100), different valley electrons experience similar acceleration
magnitudes but in different directions due to the valley orientations. However, as seen in the sil-
icon case, with intravalley scattering enabled, electrons quickly lose their initial momentum, and
their motion becomes dominated by the acceleration direction associated with the valley they are
currently occupying. We note in advance that this effect holds regardless of when the valley was
entered, and similarly applies in scenarios where intervalley scattering causes valley changes dur-
ing transport, which will be discussed in Section 4.5. This results in electrons clustering along the
direction of the acceleration vector, where the size of the clusters is dependent on the magnitude
of the electric field compared to the initial energy. Additionally, as described for the Si(100) case,
the electrons move further in the transverse direction than in the longitudinal direction. On the top
surface, the eight distinct clusters observed without scattering, previously shown in Figure 4.14,
merge into four elliptical clusters, as shown in Figure 4.18. The arrival time distribution remains
tightly clustered but is delayed compared to the non-scattering case, consistent with reduced aver-
age velocities.

Having concluded our analysis of intravalley scattering effects, we next examine the impact of
intervalley scattering on electron propagation. This additional mechanism alters the valley identity
of electrons, affecting both their acceleration direction and overall trajectory, while leaving the

total energy approximately unchanged.
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Figure 4.15: This figure shows three plots of the trajectories in an electric field for a silicon crystal
with intravalley scattering, where the trajectories are separated by their initial valley (pair of direc-
tions in each plot), and the voltage is aligned with one of the valleys in the negative 2 direction.
We show it to highlight the effect of Luke scattering on electrons paths in an anisotropic crystal.
Comparing to Figure 4.11, we see a much tighter trajectory around the acceleration direction as
the electrons quickly lose their initial speed and direction due to Luke scattering.
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Figure 4.16: This figure shows the distribution of electron arrival positions and times on the top
surface of a silicon crystal with an electric field and intravalley scattering but without intervalley
scattering. We show it to illustrate the effect of the Luke scattering on the electrons’ arrival position
patterns in a silicon crystal. Compared to the no-Luke scattering case shown in Figure 4.12, the
Luke scattering has both shrunk the arrival position and created a + sign, which is apparent in the
zoomed-in distribution on the top right. We also note that there are again two different arrival
clustering times, but that they have moved significantly closer to each other and to the later times
due to Luke scattering keeping electrons at a lower average speed.
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Figure 4.17: This figure shows four views of the simulated electron trajectories for the germanium
configuration with an electric field and intravalley scattering but without intervalley scattering. We
show it to highlight how Luke scattering affects electron tracks in germanium. Compared to the
case without Luke scattering shown in Figure 4.13, we note that electrons quickly lose their initial
speed and move around in the 4 different acceleration directions, which causes each valley and
anti-valley pair electrons to end up in the same place at the top surface.
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Figure 4.18: This figure shows the distribution of electron arrival positions and times on the top
surface of a germanium crystal with voltage and intravalley scattering but in the absence of in-
tervalley scattering. We show it to illustrate how Luke scattering affects the patterns on the top
surface. Compared to the case without Luke scattering shown in Figure 4.14, we note that the
eight distributions shown in Figure 4.14 effectively condense into four distributions as each of the
valley and anti-valley distributions gets mixed up together; again, the top right plot is a zoomed-in
version of the left plot. We also note that the distance of each distribution is velocity dependent; a
smaller voltage would make the ellipses smaller and closer to the middle. We also point out that
while the time of arrival distribution again only has small variation, it is shifted to later times due
to the scattering lowering the average speed.
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4.5 Toy Simulation Results: Anisotropic Medium Under an External Electric Field Includ-

ing Intervalley Scattering

In this section, we isolate the impact of intervalley scattering on electron transport in anisotropic
crystals with an external electric field. As described in Section 3.5, we model intervalley scattering
so that it changes the electron’s valley without changing its energy, but does so on an infrequent
basis. While the direction of the wavevector with respect to the valley is preserved in our simplified
toy model, the transition to a new valley alters the mass tensor and, consequently, the electron’s
acceleration. For pedagogical reasons, we start by considering the case where intravalley scatter-
ing is disabled, so the electrons retain their initial energy and velocity magnitude throughout their
trajectories. While not physical, this configuration can give us an intuition about how intervalley
scattering can mix the clusters in the arrival position distributions together. In the first paragraph,
we examine the behavior of electrons in a silicon crystal under the influence of an electric field
and intervalley scattering. In the second paragraph, we present the corresponding results for ger-
manium.

The behavior of electrons in a silicon crystal under the influence of an electric field and inter-
valley scattering is shown in Figure 4.19. electrons begin their motion with deterministic valley-
dependent acceleration, similar to the behavior described in Section 4.3. However, after undergoing
one or more intervalley scattering events, electrons are reassigned to a new valley, potentially re-
assigning electrons from x or y valleys to z valleys or vice versa, thereby changing the magnitude
of the electron’s acceleration. Even though no energy is lost, the direction and magnitude of the
acceleration are changed, resulting in nontrivial deviations from the initial paths. This leads to a
visible mixing of trajectories among different valley groups. On the top surface, this effect slightly
blurs the previously distinct square-like arrival pattern seen in the no-scattering case, as shown in
Figure 4.20. The arrival time distribution also becomes smeared between the two peaks associated
with different valley accelerations, due to the valley transitions mid-flight.

For the corresponding results for germanium, we note that we used a higher voltage to produce

this sample compared to Section 4.3, to show the effect of intervalley scattering more clearly. As
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shown in Figure 4.21, electrons begin in distinct valley states with unique acceleration directions
determined by the Ge(100) valley configuration. After each intervalley scattering, as our interval-
ley scattering model does not change the energy of the electrons, they maintain their speed but shift
to a different valley, resulting in a change in the direction of acceleration. On the top surface, this
results in arrival points between the eight well-defined clusters observed in the non-scattering case,
as shown in Figure 4.22; electrons that scatter only once appear between two clusters, connecting
those clusters together, while electrons that scatter multiple times end up somewhere between those
connections. The arrival time distribution remains tightly clustered because all electrons gain the
same kinetic energy.

Having concluded our examination of intervalley scattering in isolation, we next enable both
intravalley and intervalley scattering in the simulation. This final configuration captures the full
set of dominant effects and provides a benchmark for interpreting the results of our more complex

full detector simulations.
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Figure 4.19: This figure shows three plots of the trajectories in a silicon crystal under a voltage
with intervalley scattering but without intravalley scattering. We show it to highlight the effect of
just changing the valley without emitting a phonon on electrons’ paths in an anisotropic crystal.
Comparing to the case without scattering effects shown in Figure 4.11, we see a few outlier tracks
that are separated from the rest, which is because of two effects: intervalley scattering changes the
direction of the momentum, and different valleys have different acceleration magnitudes.
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Figure 4.20: This figure shows the distribution of electron arrival positions and times on the top
surface of a silicon crystal under a voltage with intervalley scattering but without intravalley scat-
tering. We show it to illustrate how just changing the valley without emitting a phonon alters
the electron distribution at the top surface in our silicon configuration. Compared to Figure 4.12,
intervalley scattering slightly mixes the different valley clusters together. We note that there are
arc-like patterns in the plots, which are due to the non-physical simplifying assumptions in the toy
simulation to illustrate the case of intervalley scattering without phonon emission. Specifically,
the electron’s angle in the new valley is taken to be the same as the previous valley, which causes
a slight asymmetry. In the full simulation, where phonons are emitted when scattered, we will
not observe this effect. We also note that the arrival times still have the same two peaks as the
no-scattering case, but there are now events in between due to some electrons changing valleys.
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Figure 4.21: This figure shows three plots of the trajectories in a silicon crystal under a voltage
with intervalley scattering but without intravalley scattering. We show it to highlight the effect of
just changing the valley without emitting a phonon on electrons’ paths in our germanium config-
uration. Compared to Figure 4.13, in each plot, we see some electrons get separated from the rest
as intervalley scatterings change their valleys to a different axis, which changes their acceleration

direction.
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Figure 4.22: This figure shows the distribution of electron arrival positions and times on the top
surface of a germanium crystal under a voltage with intervalley scattering but without intravalley
scattering. We show it to illustrate how just changing the valley without emitting a phonon alters
the electron distribution at the top surface. Compared to Figure 4.14, intervalley scattering causes
electrons to change valleys and end up somewhere between the eight clusters in the no-intervalley
case, depending on how many times they scatter before they reach the top surface. In this case, the
time of arrival distribution is incredibly tight and is much lower due to the unphysical effect of not
losing energy due to scattering.

142



4.6 Toy Simulation Results: Anisotropic Medium With All Dominant Effects Included

In this section, we present the results of the toy simulation with all dominant effects included.
While each effect has been studied in isolation in the previous sections, combining them allows us
to observe the interplay between scattering-induced momentum and energy changes, directionally
dependent acceleration, and valley mixing. As a reminder, the values of parameters used in the
toy simulation were not chosen to quantitatively mirror real crystal values, so all results should be
taken with a grain of salt. For example, the intravalley scattering rate was selected to be small but
nonzero, with no attempt to take into account the actual ratio of intervalley to intravalley scattering
rates, like shown in Figure 2.10. As usual, we start with silicon and then move to germanium.

The results for electron transport in silicon with all effects included are shown in Figures 4.23
and 4.24. Electrons begin with randomly assigned initial directions, and, because the mean free
path for intravalley scattering is smaller than intervalley scattering, quickly undergo intravalley
scattering events that emit some of their energy as phonons and reorient their velocity vectors. As
shown previously in Section 4.4, the emission of phonons causes electrons to lose energy rapidly,
making their motion increasingly governed by the acceleration. Simultaneously, intervalley scat-
tering, as explored in Section 4.5, allows some electrons to transition between valleys, thereby
changing their effective mass and acceleration magnitude mid-flight. These two processes work
together: intravalley scattering drives electrons to align with acceleration directions, while inter-
valley scattering redistributes electrons between valleys. The resulting arrival pattern on the top
surface resembles a distorted version of the plus-shaped structure seen in the intravalley-only case
(Figure 4.16), now blurred by valley mixing caused by the intervalley scatterings. The arrival time
distribution continues to exhibit two dominant peaks corresponding to distinct valley groups, but
the separation between them is reduced due to transitions across valley types caused by intervalley
scattering. While quantitative results will be shown in the next chapter, for now, we note that the
ratio of the peaks depends on the ratio of the intervalley and intravalley scattering rates.

The corresponding simulation results for electron transport in germanium with all dominant

effects included, shown in Figures 4.25 and 4.26, are equally interesting. As in the silicon case, the
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combination of intravalley and intervalley scattering fundamentally shapes the electrons’ behavior.
As in the silicon case, intravalley scattering rapidly emits the initial kinetic energy and redirects
electrons toward valley-specific acceleration directions, effectively locking their motion into one
of the four dominant accelerations shown in Section 4.4. At the same time, intervalley scattering
causes electrons to transition between valley states, each associated with a distinct acceleration
direction, resulting in branching or outlier trajectories, as described in Section 4.5. We again note
the small number of tracks with outliers caused by the intervalley scatterings and that the arrival
position distribution exhibits the four dominant elliptical clusters from same-axis valley pairs, like
the intravalley-only case, but with some electrons ending up somewhere between the clusters due
to intervalley scatterings. This result qualitatively matches the experimental results shown in Fig-
ure 1.13, whereas, again, the true scattering rates are needed for quantitative comparison. The
arrival time distribution remains tightly clustered due to the energy-stabilizing effect of frequent
phonon emissions.

Having completed our study of all dominant effects in isolation and in combination in our
toy simulation, we next turn to the full simulation implementation described in Chapter 5, where
these physical processes are applied in realistic detector geometries within G4CMP, and we utilize
quantitative estimates of scattering parameters to more accurately model scattering rates. We can
use the results from this chapter as a qualitative benchmark for comparisons with the G4CMP

results.
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Figure 4.23: This figure shows three plots of the trajectories in a silicon crystal under a voltage
with both scattering effects. We show it to demonstrate how electrons move in silicon with all the
dominant effects included. Compared to the Figures 4.15 and 4.19, all electrons have the same
direction and their trajectories are dominated by the electric field as intravalley scattering causes
electrons to lose their initial energy quickly and move with a velocity close to a terminal speed
while intervalley scattering causes some electrons to change their valley and scatter, and accelerate

with a different magnitude.
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Figure 4.24: This figure shows the distribution of electron arrival positions and times on the top
surface of a silicon crystal under a voltage with both scattering effects. We show it to set our
expectation for the patterns we see in a silicon crystal with all the dominant effects included in the
full simulation. Compared to Figures 4.16 and 4.20, intervalley causes electrons to change valleys,
slightly mixing up the shapes that we saw in the intravalley-only case. Note that even with all
effects included, we expect a double-peak arrival time.
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Figure 4.25: This figure shows four plots of the trajectories in a germanium crystal under a voltage
with both scattering effects. We show it to demonstrate how electrons move in our germanium
configuration with all the dominant effects included. Compared to the Figures 4.17 and 4.21,
while all electrons have the same acceleration magnitude, and their movement is dominated by
the electric field due to intravalley scattering, a fraction of the electrons scatter and accelerate in a
different direction due to intervalley scattering changing their valleys.
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Figure 4.26: This figure shows the distribution of electron arrival positions and times on the top
surface of a germanium crystal under a voltage with both scattering effects. We show it to set our
expectation for the patterns we see in a germanium crystal with all the dominant effects included in
the full simulation. Compared to Figures 4.18 and 4.22, intravalley scattering causes the same-axis
valleys electrons to end up in the same clusters, effectively forming four clusters instead of eight,
while the intervalley scattering causes electrons to end up between the four clusters. We continue
to see the single, narrow time of arrival distribution.
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5. RESULTS USING THE FULL GEANT4 CONDENSED MATTER PHYSICS
SIMULATION AND COMPARISONS WITH EXPECTATIONS AND EXPERIMENTAL
DATA

In this chapter, we present the results from realistic simulations of electron transport in semi-
conductors using the Geant4 Condensed Matter Physics (G4CMP) framework, focusing on the
arrival distribution of electrons at the surface. While the toy simulations in Chapter 4 helped
isolate and visualize individual transport effects in simplified geometries, the full complexity of
real experimental setups necessitates a transition from qualitative to quantitative results, achieved
through a fully integrated Monte Carlo approach. This includes effects from realistic detector ge-
ometries, numeric values of the effective masses, applied electric fields, and measured scattering
rates for silicon and germanium. By reproducing both the SuperCDMS detectors and test stand
setups, simulations enable direct comparisons with both our expectations and the toy model, as
well as real experimental data.

The set of simulated configurations mirrors those in Chapter 4, allowing for comparisons be-
tween the idealized toy modeling and the full simulations. Table 5.1, following the order of the
previous chapter, lists the samples made. The size, shape, and orientation of each crystal are de-
tailed in Table 5.2, and the scattering parameters and models are given in Table 5.3. All other
parameters are taken as the default values in G4CMP'. We note that while the bandgap values
from Equations 2.28 and 2.29 are temperature dependent, we use the values for a temperature of
50 mK. All other parameters and modeling are taken to be constant which is a good approximation
for temperatures well less than 1 K. To focus on the charge propagation, we skip the energy de-
position and electron-hole pair creation process mentioned in Section 3.5, and again only consider
electrons emitted from the detector center and uniformly distributed in all directions, but with a
fixed energy of 1 eV.

In Section 5.1, we start with an isotropic medium, both with and without voltage and scatter-

ISoftware version number V9.9.1.
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Table 5.1: In this table, we list the datasets simulated using G4CMP, the configurations of each,
and identify the figures that use them. We show it to list the set of configuration combinations that
are used to help illustrate the effect that the crystal band structure, voltage, intravalley scattering,
and intervalley scattering have on electrons as they move in a crystal. Note that all samples are
generated with 1 eV monochromatic energy electrons emanating from the pointx =y = 2 = 0
(center of the detector) and distributed uniformly in all directions. The details about the detectors
and their crystal orientations used in these samples are included in Table 5.2.

Simulated Datasets
# Crystal Type Voltage (Volts) | Intravalley | Intervalley | Top Surface Arrival
in —z Direction | Scattering Scattering Distribution Figures
1 Isotropic Disabled Disabled Disabled Figure 5.1
2 Isotropic 1 and 30 Disabled Disabled Figure 5.2
3 Isotropic 1 and 30 Enabled Disabled Figure 5.3
4 Isotropic 1 and 30 Enabled Enabled Figure 5.4
5 Si(100) Disabled Disabled Disabled Figure 5.5
6 Ge(100) Disabled Disabled Disabled Figure 5.6
7 Si(100) 1 and 30 Disabled Disabled Figure 5.7
8 Ge(100) 1 and 30 Disabled Disabled Figure 5.8
9 Si(100) 1 and 30 Enabled Disabled Figure 5.9
10 | Ge(100) 1 and 30 Enabled Disabled Figure 5.10
11 | Si(100) 1 and 30 Enabled Enabled Figure 5.11
12 | Ge(100) 1 and 30 Enabled Enabled Figure 5.12
13 | Si(111) 20, 40, 75, and | Enabled Enabled Figure 5.14
100

ings, and compare the arrival distributions to the toy model results. In Section 5.2, we switch to
silicon and germanium crystals with and without voltage and scatterings. In Section 5.3, we com-
pare the simulation outputs to published experimental results. We note before beginning that only
the arrival position results are presented, as there is limited value in presenting another version of

the trajectories and arrival times.
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Table 5.2: In this table, we list the size, shape, and orientations of the crystals used in the G4CMP
simulations. We use the same configurations used by the SuperCDMS experiment, shown in Fig-
ures 1.6 and 1.7 [65, 66]. For simplicity, the isotropic detector is chosen to have the same geometry
as the silicon detector. We also note that the name column is what we later refer to as each detector
type. However, sometimes we refer to them by their crystal type, as both are unique.

G4CMP Detectors Information
Crystal Type Shape Size Valley Orientations
Isotropic Rectangular | 10 x 10 x 4 mm® | None
Si(100) (HVeV) Rectangular | 10 x 10 x 4 mm?® | [£1,0,0], [0, %1, 0], [0, 0, 21]
Ge(100) (iZIP) Cylinder Diameter: 76 mm | [+1, +1, 41|
Thickness: 25 mm
Si(111) Rectangular | 10 x 10 x 4 mm® | +[—1,0,1], &[1,v/2, 1], £[1, —v/2, 1]

Table 5.3: In this table, we list the parameters and values used in G4CMP for intravalley and
intervalley scattering processes. The intravalley scattering rates are calculated using Equation 2.41
with the characteristic length values given here. The intervalley scattering rates are calculated
using Equations 2.44 and 2.45 for germanium and silicon, respectively, with the coefficients given.
We note that the intravalley characteristic length is calculated using the electron conductivity mass,
where m, is the mass of the electron. Finally, it’s important to note that the parameters used in the
simulation of the isotropic case are not based on any real crystal; rather, they have been set to have
the same values as the silicon case, with the difference that there are no valleys.

G4CMP Scattering Parameters
Isotropic | Silicon Germanium

Electron Conductivity Mass 0.258 m, | 0.258 m, [52] 0.126 m, [52]
Hole Effective Mass 0.5 m, 0.5 m, [52] 0.35 m, [52]
Electron Intravalley Characteristic Length [, | 16.5 yum | 16.5 pm [52] 257 pm [52]
Hole Intravalley Characteristic Length [ 7.5 pm 7.5 pm [52] 108 pm [52]

b= 1.5 MHz A =6.72¢"? Hz
Intervalley Rate Coefficients and Exponents | - m = 1.5 Hz Ey =217 %

Olinear = 4 Qlquadratic = 3.24
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5.1 Results For Isotropic Medium

In this section, we present the G4CMP simulation results for an isotropic crystal. This configu-
ration serves as our model for the propagation of holes. Because the effective mass is isotropic, at
each point, the acceleration, energy loss, and scattering behavior are uniform in all directions, and
the arrival distributions can be directly compared, albeit qualitatively, to the toy simulation results
described in Section 4.1. In the first paragraph, we describe the G4CMP simulation of an isotropic
crystal without electric fields or scattering. In the second paragraph, we show how an applied
electric field modifies the arrival distribution results in the isotropic crystal for two different volt-
ages. In the third paragraph, we present the impact of adding intravalley scattering to the isotropic
crystal under an electric field. In the fourth paragraph, for pedagogical reasons, we investigate the
effect of enabling intervalley scattering in the isotropic case, despite the fact that such scattering is
physically unmotivated in a medium without distinct valleys.

As the simplest case, we describe the G4CMP simulation of an isotropic crystal without electric
fields or scattering. As shown in Figure 5.1, because there is no field or scattering, the resulting
arrival point distribution exhibits perfect radial symmetry and matches the toy simulation result
shown in Figure 4.2. This confirms that the full simulation preserves the fundamental behavior
expected from the isotropic model described in Section 3.1.

The electron arrival distribution significantly changes when the electric field is applied. Here
we consider two different voltage and in each, the electric field accelerates all the electrons in the

F

+z direction with the same magnitude of a = as described in Section 3.2, causing them to

m*

move on a smooth curved path with the arrival distribution shown in Figure 5.2. Additionally, we
observe that at lower voltage, not all electrons reach the top, while at higher voltage, all electrons
cluster closer to the center. This is consistent with the expectations from the toy simulation in
Figure 4.4.

Next, we present the impact of adding intravalley scattering within the isotropic crystal under
an electric field. The simulation results in Figure 5.3 show that Luke scattering causes the electrons

to rapidly emit phonons and lose energy, as described in Section 3.3, resulting in a smaller arrival
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distribution, even at lower voltages. We also observe that increasing the voltage has minimal
impact on the arrival distribution size, since any energy gained is quickly lost to phonon emission.
These results match the toy simulation in Figure 4.6.

For pedagogical reasons, we investigate the effect of enabling intervalley scattering in the
isotropic case, despite the fact that such scattering is physically unmotivated in a medium with-
out distinct valleys. As shown in Figure 5.4, the arrival distributions remain identical to those
in the previous case without intervalley scattering shown in Figure 5.3. This confirms that, in
isotropic materials where all directions are equivalent and no valley-dependent acceleration exists,
intervalley scattering has no measurable impact on the electron transport.

Having completed our presentation of the arrival distribution results in an isotropic medium
using G4CMP, we confirm that the simulation results align with both our toy model expectations
from Chapter 4 and the theoretical modeling developed in Chapters 2 and 3. We now move to
the results in silicon and germanium, where anisotropic band structures, crystal orientations, and

valley-dependent dynamics lead to different results.
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Figure 5.1: This figure shows the density of arrival points at the top surface of a hypothetical square
isotropic material with a monoenergetic set of electrons emanating from the center using the full
G4CMP simulation. We show it because this simulation is the simplest case that helps verify that
the full simulation results qualitatively match our expectations in Figure 4.2. Note that electrons
that do not reach the top surface are not included here.
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Figure 5.2: This figure shows the G4CMP results for the distribution of electron arrival positions
on the top surface of a square isotropic crystal with two different voltages. We show it to illustrate
how the full simulation results change when we add different voltages without any crystal effects
included. Compared to Figure 4.4, we note that the full simulation results qualitatively match our
expectations. We also note that at low voltages, not all electrons hit the top surface, but with the
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high voltage value choice, the electrons cluster into a small area on the top surface.
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Figure 5.3: This figure shows the G4CMP results for the distribution of electron arrival positions
on the top surface of an isotropic crystal for two different voltages with intravalley scattering, but
without intravalley scattering. We show it to illustrate how the Luke scattering affects the results,
independent of anisotropic crystal complications. Compared to the top part of Figure 5.2, we
note that all electrons now reach the top surface and have results comparable to the high voltage
case. We also note that increasing the voltage has little effect on reducing the cluster size as Luke
scattering causes electrons to lose their initial energy rapidly and maintain a relatively constant
average speed as the higher energy gain rate leads to a higher frequency of Luke scattering events.
These results match the expectations shown in Figure 4.6.

156



1.00

Arrival Positions
0.75 - « [000]
0.50
~ 0.25 -
£
£
> 0.00
)
wn
(8]
— -0.254
—0.501
—0.751 G4CMP Results
Isotropic Crystal
_1.00 1V Electric Field
"-1.00 —0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.0 Intravalley Scattering
Last X (mm) Intervalley Scattering
1.00
Arrival Positions
0.75 - « [000]
0.50 -
—~ 0.25
e
£
> 0.00
)
L]
(18]
— —0.25-
—0.501
—0.75 1 GA4CMP Results
Isotropic Crystal
~1.00 30V Electric Field

"21.00 —0.75 —0.50 —0.25 0.00 0.25 050 0.75 1.0 Intravalley Scattering
Last X (mm) Intervalley Scattering

Figure 5.4: This figure shows the G4CMP results for the distribution of electron arrival positions
on the top surface of an isotropic crystal with all dominant effects, including intervalley scattering,
along with two different voltages. We show it to confirm that even when the unphysical intervalley
processes are included in an isotropic crystal, the results are qualitatively the same as Figure 5.3,
which matches our expectations.
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5.2 Results for Silicon and Germanium

In this section, we present the G4CMP simulation results for charge transport in anisotropic
crystals, specifically silicon and germanium detectors, under various electric field and scattering
configurations. These results incorporate the full complexity of real detector geometries, realistic
valley structures, and material-specific scattering models and are readily compared to the expecta-
tions of Chapters 3 and 2 as well as the results of the previous chapter. In the first paragraph, we
describe the simulation results for silicon and germanium in the absence of both electric fields and
scattering effects. In the second paragraph, we present the results from applying an external elec-
tric field in the negative z direction, which modifies the electron transport in silicon and germanium
crystals in the absence of scattering. In the third paragraph, we examine the impact of enabling
intravalley scattering with the scattering rates taken from Table 5.3. In the fourth paragraph, we
present the results for electron transport in silicon and germanium detectors with both intravalley
and intervalley scattering enabled.

Starting with the simplest anisotropic case, we describe the results for silicon and germanium
in the absence of both electric fields and scattering effects. As discussed in Section 4.2, electrons
in this case propagate in straight lines at constant energy, with their velocities determined by the
angle between their initial wavevector and the axis of their valley. Although the speed varies with
direction due to the anisotropic effective mass tensors, the electrons’ arrival positions on the top
surface remain unchanged compared to the isotropic case, forming a radially symmetric arctangent
pattern. While Figure 5.5 for silicon has a square arrival pattern, we note that this is due to both
the rectangular shape of the detector and the fact that most of the electrons do not reach the top
surface. Similarly, Figure 5.6 for germanium has a circular pattern due to its cylindrical geometry.
These results qualitatively match the toy model outputs in Figures 4.8 and 4.10, confirming that
anisotropy in velocity alone does not break the symmetry of the arrival distribution in the absence
of fields and scattering.

As expected from our discussion in previous chapters, applying an external electric field in

the negative z direction modifies electron transport in silicon and germanium crystals even in
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the absence of scattering. We note that in both cases the voltage used was selected so that all
electrons reach the top surface as described in Section 4.3, the Si(100) crystal is oriented such
that the £z valleys are aligned with the field, while the +2 and +y valleys are orthogonal to
it. Electrons in the =z and +y valleys, therefore, experience greater acceleration. Additionally,
electrons with an initial velocity direction further from the xyz axes move farther in the zy plane.
These effects lead to a square-like arrival distribution as shown in Figure 5.7. In contrast, the
Ge(100) crystal is configured such that all valleys have equal angles with the electric field. As a
result, the acceleration magnitude is the same across all valleys, but the directions differ, producing
eight distinct arrival clusters as shown in Figure 5.8. These results agree with the toy model
predictions from Figures 4.12 and 4.14, and demonstrate the valley-dependent acceleration effects
described in Section 3.2.

Including the intravalley scattering effects with the rates taken from Table 5.3 significantly
affects the arrival points distributions. As discussed in Section 4.4, intravalley scattering causes
electrons to rapidly lose their initial kinetic energy through the emission of Luke phonons, effec-
tively making their motion more strongly governed by the applied electric field than their initial
conditions. We observe that, as expected from the toy model, since the scattering rate is lower in
the transverse direction, the same-energy electrons move further in that direction than in the lon-
gitudinal direction, causing each valley electron arrival distribution pattern to be more scattered in
their transverse directions. Lastly, because the energy gained from the electric field is quickly radi-
ated away, increasing the voltage has only a limited effect on the final spread of the arrival clusters.
Figure 5.9 shows the results for Si(100). As predicted in Figure 4.16, the combination of effects
results in the distinct +° shaped pattern on the detector surface. In Ge(100), where valleys are
oriented along the diagonals, the eight arrival clusters seen in the no-scattering case merge into the
four elliptical groups shown in Figure 5.10. This follows the expectations from Figure 4.18. We
also note that in both materials, the cluster size remains nearly constant with increasing voltage,
reflecting the minimal effect of voltage increase on the cluster sizes as previously described.

Lastly, we present the results for electron transport in silicon and germanium detectors with
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both intravalley and intervalley scattering enabled. As discussed in Section 3.3 and illustrated in the
toy simulations of Section 4.5, the addition of intervalley scattering allows electrons to experience
different accelerations during their propagation. Figure 5.11 shows the result in Si(100). This
mixing causes the distinct valley-dependent clusters observed with only intravalley scattering to
blur together, producing a smoother and more circular arrival distribution. Similarly, Figure 5.12
for Ge(100), the intervalley transitions fill the previously empty regions between the four main
elliptical clusters. These patterns qualitatively match the toy simulation expectations shown in
Figures 4.24 and 4.26, confirming that the underlying physical models behave as expected even in
realistic scenarios. The other primary difference is that as the applied voltage increases, the number
of intervalley scattering events also increases, consistent with the energy-dependent scattering rates
listed in Table 5.3. This leads to greater valley mixing and further blurring of the arrival patterns,
ultimately producing distributions that approach a circular symmetry as the effects of individual
valley accelerations are averaged out.

Having established that the full G4CMP simulations qualitatively reproduce the expected be-
haviors of electron transport in both isotropic and anisotropic media, we now turn to a comparison
with experimental data. In the next section, we compare the G4CMP simulated distributions with
published results from silicon and germanium test devices under varying voltages. These com-
parisons provide critical validation for our modeling approach and highlight areas where further

refinement of the simulation may be necessary to achieve quantitative agreement.
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Figure 5.5: This figure shows the G4CMP results for the distribution of electron arrival positions
on the top surface of a square-shaped silicon detector without an electric field or scattering. We
show it to illustrate that the full simulation results for the silicon match the toy model expectations
qualitatively and are basically identical to Figure 4.8. Note that the colors of the points represent
the starting valley of the electrons and that not all electrons reach the top surface.
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This figure shows the G4CMP results for the distribution of electron arrival positions
on the top surface of a cylindrical germanium detector without an electric field or scattering. We
show it to illustrate that changing the medium to any anisotropic crystal does not affect the arrival
density in the absence of voltage or scattering effects. Compared to Figure 4.10, we note that our
toy model expectations qualitatively match our full simulation result. We also note that, unlike
Figures 5.2-5.4, the circular shape is due to the boundaries of the crystal, not the electric field or
scattering effects. Here the colors of the points again represent the starting valley of the electrons,
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Figure 5.7: This figure shows the G4CMP results for the distribution of electron arrival positions
on the top surface of a square-shaped silicon detector with two different voltages but no scattering.
We show it to illustrate how, compared to Figure 5.5, the combination of an electric field and
valleys causes electrons to end up in the square-like shape as predicted from the toy model, as was
shown in Figure 4.12. We also note that in the top plot, the top surface is not fully populated,
which is expected due to the fact that the [001] valley electrons do not get accelerated enough to hit
the top surface and instead hit the bottom or a side surface and are not shown. On the other hand,
the higher-value voltage choice in the bottom plot causes all electrons to reach the top surface,
since the [001] valley electrons’ acceleration is high enough, and the arrival point clusters become

smaller while preserving the overall shape.
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Figure 5.8: This figure shows the G4CMP results for the distribution of electron arrival positions on
the top surface of a cylindrical germanium detector with two different voltages but no scattering.
We show it to illustrate that, compared to Figure 5.6, the combination of an electric field and
the different valley directions causes electrons to end up in 8 regions, the shape of which are
determined by the voltage and the valley directions, which matches our expectations from the toy
model shown in Figure 4.14. We also note that by increasing the voltage, the arrival point clusters
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become smaller and closer to the acceleration vector indicated with an Xx.
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Figure 5.9: This figure shows the G4CMP results for the distribution of electron arrival positions on
the top surface of a square-shaped silicon detector with two different voltages, both with intravalley
scattering using the rates given in Table 5.3 but without intravalley scattering. We show it to
illustrate that, compared to Figure 5.7, the Luke scattering causes all the electrons to end up in one
cluster, making a + sign in the middle of the top surface. As shown in Figure 4.16, this is expected
due to the fact that the electrons quickly lose their initial energy to Luke scattering events, and that
increasing the voltage barely affects the size and shape of the clusters.

165



10 A

Last Y (mm)
o

-5 ‘?Mm
Tt X
%ﬁu‘ﬁ'ﬁ‘
.
_10 4
-10 -5 0 5 10
Last X (mm)
10

Last Y (mm)
o

=10

-10 -5 0 5 10
Last X (mm)

Figure 5.10: This figure shows the G4CMP results for the distribution of electron arrival positions
on the top surface of a cylindrical germanium detector with two different voltages, with intravalley
scattering but without intravalley scattering. We show it to illustrate that, compared to Figure 5.8,
Luke scattering causes the same-axis valley electrons arrival points to merge and locate in an
ellipsoidal shape with a center between the acceleration and the valley axis, as expected from our
toy simulation results shown in Figure 4.18, and that increasing the voltage barely affects the size

and shape of the clusters.
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Figure 5.11: This figure shows the G4CMP results for the distribution of electron arrival posi-
tions on the top surface of a square-shaped silicon detector with all dominant effects included for
two different voltages. We show it to present the full simulation results for the silicon detector,
including all the effects. We note that compared to Figure 5.9, the intervalley scattering causes
electrons to change valleys, effectively mixing the different valley clusters together, which results
in the overall shape of the distribution gradually transforming into a circle as the voltage increases,
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which matches our toy simulation expectations shown in Figure 4.24.
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Figure 5.12: This figure shows the G4CMP results for the distribution of electron arrival positions
on the top surface of a cylindrical germanium detector with all dominant effects included for two
different voltages. We show it to present the full simulation results for the germanium detector,
including all the effects. We note that compared to Figure 5.10, intervalley scattering causes some
electrons to end up between the 4-cluster structure, which matches our toy simulation expectations
shown in Figure 4.26. Additionally, we observe that as the intervalley scattering rate increases with
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voltage, at high enough voltages, the structure is effectively wiped out.
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5.3 Comparison With Experiment

In this section, we compare the full G4CMP simulation results with experimental data from real
silicon and germanium detectors. Such comparisons enable us to validate our physical models, test
parameter value choices, and understand areas that require further development. Although the sim-
ulations and experiments differ slightly in geometry, crystal orientation, and operating conditions
such as temperature, qualitative comparisons remain highly valuable. In the first paragraph, we dis-
cuss the temperature dependence of the experimental electron arrival distributions before turning
to the detailed comparison with G4CMP. In the second paragraph, we compare the G4CMP sim-
ulation results for the electron arrival distributions in the Si(111) orientation to experimental data
from a detector. In the third paragraph, we perform a similar comparison between the simulation
results and experimental data obtained from a germanium detector.

It’s important to discuss the temperature dependence of the experimental electron arrival dis-
tributions before turning to the detailed comparison with the G4CMP results. The experiments
were done with 500 mK and 5 K for silicon and 1 K for germanium, which are different than the
50 mK assumption used to select the values given in Table 5.3. For the purposes of comparison,
we assume that temperature-dependent changes to the electron band structure are small enough
that the acceleration directions and the bandgap energies given in Equations 2.28 and 2.29 remain
effectively unchanged. However, the scattering rates described in Table 5.3 have some temperature
dependence. To a degree of approximation, the impact of a higher voltage mimics a rise in the
scattering rates. For intravalley scattering, the results in Figures 5.9 and 5.10 suggest any impact
on the primary shape is relatively small; the cluster positions should remain approximately the
same. On the other hand, Figures 5.11 and 5.12 suggest significant changes for the arrival dis-
tributions within the cluster positions for different intervalley scattering rates. Given that even a
qualitative comparison between G4CMP results and the experimental data is still useful, we use
the experimental results as a guide to extrapolate the impact of temperature on the scattering rates
for a given temperature [33, 34, 64].

The first comparisons are done with the results from a silicon detector with a Si(111) orien-
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tation. Figure 5.13 presents the experimental arrival positions measured at various voltages and
temperatures, while Figure 5.14 shows our corresponding G4CMP results using the parameter

values in Table 5.3, which are the default G4CMP values. We observe that:

* As expected, the positions of the electrons that did not go through any intervalley scatterings

(the triangle vertices) look the same, independent of the voltage and temperature.

* As the voltage increases, the ratio of the electron arrivals on the vertices to arrivals within
them drops. This is as expected due to the rate of intervalley scattering, which can be thought

of as voltage dependent as given in Equation 2.44.

* By increasing the voltage enough, all the electrons go through so many intervalley scatterings

that they essentially end up on a circle around the center (average of the three valley vectors).

While the trend of the arrival distributions qualitatively matches the experiment, the results for
the same voltages are quantitatively different, as G4CMP results seem to mimic the experimental
results at much higher voltages. For example, the —4 V results in data look like the —20 V results in
simulation and the —20 V results in data look like the —100 V results in simulation. This suggests
that the discrepancy in density distribution arises from the values of the intervalley scattering rate
parameters described in Table 5.3. We note that those parameters were tuned to the data, but done
so with an older version of G4CMP, prior to our changes, and without any temperature dependence
terms. This further suggests that, for quantitative predictions for this and other scenarios, improved,
carefully calibrated intervalley scattering rates, such as those investigated in previous studies [33],
will be necessary. Efforts in this area are beyond the scope of this work, but are expected to follow
the approaches like those in Ref. [64] to both refine and accurately parameterize the intervalley
scattering rates. Such efforts are in progress, and future students will re-run with similar geometric
configurations when they are completed and quantitatively compared.

We perform a similar comparison between the G4CMP simulation results and the experimental
data obtained from a germanium detector. Figure 5.15 shows the experimental arrival distribu-

tions for electrons at four different applied voltages at 1 K and can be compared to the G4CMP
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results in Figure 5.12. We begin by noting the primary configuration differences, which include
the temperature, the crystal orientations, and the electron path lengths. Still, a useful but qualita-
tive comparison can be readily made using simple rotation and scaling adjustments, as the angles
between the valleys and the electric field don’t change, and there is clear qualitative agreement.
Moving to a quantitative comparison, we note that the experimental geometry has electrons travel-
ing approximately 3.89 mm, whereas our simulation has the electrons traveling 12.7 mm to the top
surface. In the G4CMP results, the clusters are centered around x = 4+5.88 mm, y = £5.88 mm.
By rotating the G4CMP results by 45 degrees and applying a scaling of %, G4CMP predicts
the clusters to be centered at z = £+2.547 mm, y = 0, and x = 0, y = £2.547 mm, which
is close to the experimental results for the cluster positions which have values of approximately
r==226mm,y = 0,and x = 0, y = +2.6 mm taken from the leftmost figure. As with sil-
icon, the experimental data for electron arrivals between the clusters show the same trends as a
function of voltage. This again suggests the need for improvement in the intervalley scattering rate
calculations.

Having concluded our analysis, we have demonstrated qualitative agreement between the simu-
lated results, simplified toy models, and experimental data. Between the valley-dependent propaga-
tion and the scattering models, the simulations successfully reproduced key experimental features,
including cluster patterns and voltage-dependent sizes and patterns. Nonetheless, discrepancies
between the data and simulation suggest that the intervalley scattering rate modeling or parameter
values need further refinement in G4CMP. With these insights, in the next chapter, we highlight
future directions to enhance G4CMP capabilities and discuss the broader applications of G4CMP

in other fields.
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Figure 5.13: This figure, shows the same test device results as Figure 1.12 but for a number of
additional voltages and temperatures. We show it because the set of results allows for comparison
with the G4CMP results shown in Figure 5.14. We note that the points outside of the triangle are
intrinsic noise in the analog readout. The numbers in the bottom left of each plot give the maxi-
mum pulse height (in mV) and the normalized integrated intensity (relative to —12 V, 500 mK),
respectively [33].
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Figure 5.14: This figure shows the G4CMP results for the electron arrival positions in a silicon
crystal in the Si(111) orientation for the case where we have all effects included and for 4 different
voltages. We show it to compare with the experimental results in Figure 5.13. While there are clear
similarities in the shapes in general, the density of arrival position points in-between the triangle
edges (no intervalley scattering) at each voltage are qualitatively different. On the other hand, we
notice that the trend as a function of voltage appears to be the same, but with different voltage
values. This suggests that the values from the intervalley scattering rate calculations described in

Table 5.3 are not correct.
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Figure 5.15: This figure shows a set of experimental results for the electrons’ arrival positions in a
high-purity germanium test device for four different voltages [34]. We show it because the set of
results allows for a visual comparison with the case simulated in G4CMP shown in Figure 5.12,
as well as provides multiple points so we can extrapolate. We note that there are configuration
differences between the experimental results and those shown in Figure 5.12. Specifically, the
crystal used here is 3.89 mm thick with 10 mm x 10 mm top and bottom faces, operating at 1 K
with the valleys located at [+1,+1,0], [+1, 0, £1], and [0, =1, +1]. Comparisons can be made by
scaling and simple rotations, and we observe that the arrival points, the position of the corners, and
the size of the whole shape match qualitatively. On the other hand, again, the density of electrons
in between the bands is not the same for the same voltage, and future work, like in Ref. [64], is
required to better parameterize the intervalley scattering rates in G4CMP.
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6. SUMMARY OF THE THESIS AND CONCLUSIONS

In this chapter, we summarize and conclude this thesis. We have completed our motivation
for the need for improved descriptions of charge propagation in low-temperature, single-crystal
semiconductors, presented a powerful semiclassical modeling, implemented it in a full Geant4
simulation tool-kit, and compared its results to data from experiment. Before concluding with our
hopes for the upcoming SuperCDMS data-taking run, we mention one of the primary plans for
improving the simulation and comment on the use of these tools for advancing quantum comput-
ing. In Section 6.1, we outline directions for improving the modeling of the intervalley scattering
rates. In Section 6.2, we discuss how the modeling framework developed in this thesis may be
applied beyond the SuperCDMS experiment for quantum computing, and conclude the thesis by

commenting on our hopes for the upcoming SuperCDMS experiment at SNOLAB.
6.1 Plans for Enhancing the Intervalley Scattering Rate Modeling

In this section, we comment on two parallel activities in progress for improving the model-
ing of the intervalley scattering. While there is good reason to believe that the work presented
in this thesis captures the dominant physical mechanisms governing electron transport in silicon
and germanium detectors, given the disagreements we saw in the previous chapter we expect that
refinements further refinements of the intervalley scattering process will likely both improve quan-
titative agreement with experimental data as well as expand the range of conditions over which
the simulation remains predictive. In the first paragraph, we discuss improving the modeling of
the intervalley scattering rates by re-tuning the parameters of the existing model. In the second
paragraph, we outline a longer-term direction in which phenomenological intervalley scattering
models are replaced or supplemented by more physically motivated microscopic descriptions.

As described in Section 5.2, the modeling of the intervalley scattering rates used in G4CMP
followed the description in Table 5.3. However, since the parameter values used were taken from

a tuning process based on an older version of G4CMP [33], they are no longer expected to re-
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main the best fit within the updated framework. As argued in Section 5.3, incorrect intervalley
parameters can affect the expected charge arrival distributions and their voltage dependence, and
we hypothesized this was the cause of the observable difference between our full results and the
test-bench data. This suggests that the simulation would be improved by following the procedures
in Refs. [33] and [64], using our updated version. This work is in progress, and when completed,
it will allow for more sophisticated comparisons of the data to see if we are missing anything that
needs to be added.

A parallel direction is to replace the phenomenological intervalley scattering models or sup-
plement them with more physically motivated microscopic descriptions. As described in Sec-
tion 2.5.2, the models currently implemented in G4CMP are what we would call effective or phe-
nomenological models, which means they are simply based on a reasonable parameterization that
reproduces the observed data. A more physically motivated approach is to characterize the scat-
tering rates based on the microphysics of the impurity and optical phonon scatterings at low tem-
peratures. These should be energy dependent, and hopefully, not only improve the accuracy of the
simulation but also reduce material-specific tunings. A more physical model, along with proper
tuning after incorporation, would also allow us to see if there are additional effects that need to be
included in our modeling.

Having concluded our discussion of the plans for intervalley scattering rate modeling, we next
explore other applications of the framework. Specifically, we consider how G4CMP simulations
could contribute to advancing quantum computing research and other dark matter detection exper-

iments.
6.2 Other Applications of G4CMP and Usage in SuperCDMS-SNOLAB Experiment

In this section, we discuss how the modeling framework developed in this work may be applied
beyond the SuperCDMS experiment, and we conclude the thesis by commenting on our hopes
for the upcoming SuperCDMS experiment at SNOLAB. Although the primary motivation of this
work is dark matter detection in the SuperCDMS experiment, the underlying description of charge

transport in anisotropic semiconductor crystals is broadly relevant to future dark matter detection
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experiments as well as quantum technologies. In the first paragraph, we outline how G4CMP’s
ability to model charge propagation at the microscopic level is directly applicable to quantum
technologies. In the second paragraph, we discuss how G4CMP can play a crucial role in the next
generation of direct dark matter detection experiments.

G4CMP’s ability to model charge propagation at the microscopic level is directly applicable
to quantum information science technologies. In many solid-state quantum platforms, such as
semiconductor-based qubits and superconducting devices operated at cryogenic temperatures, the
presence and motion of even a small number of unintended charge carriers can limit device per-
formance [67, 68]. While these systems are typically operated without an applied bias and are
designed to suppress thermal excitations, external energy deposits, such as those from cosmic rays
or radioactive backgrounds, can liberate electrons into the conduction band of the substrate [69,
70]. Once created, these charges can drift through the crystal or become trapped near surfaces
and interfaces, producing local electric fields that randomize qubit phases, alter energy levels of a
two-level system (like a quantum dot), or induce false signals in sensitive readout elements. A de-
tailed understanding of how charges propagate in anisotropic band structures, even in the zero-field
or near-surface limit, is therefore essential for predicting these effects. As a result, the modeling
framework developed in this thesis and the G4CMP simulation can be used for the design and
optimization of quantum devices.

G4CMP can also play a crucial role in the next generation of direct dark matter detection exper-
iments. As experiments push toward lower energy thresholds and increased sensitivity to lighter
dark matter candidates, detector responses become increasingly more dependent on small micro-
scopic charge transport effects. As shown in Figure 2.10, intervalley scattering events become
rare at low energies, causing the detector response to depend more strongly on the underlying
crystal structure at low voltages, as observed in Figures 5.13 and 5.15. In this regime, simplified
descriptions, such as models based on a modified scalar effective mass, may no longer be suffi-
cient to accurately interpret the observed data. The G4ACMP framework, with its ability to simulate

charge propagation, scattering, and phonon emission within realistic detector geometries, provides
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a physics-based tool for making predictive comparisons with experimental measurements. As a re-
sult, the framework developed in this thesis makes G4CMP applicable not only to the SuperCDMS
experiment, but also to future direct detection experiments through straightforward modifications
of detector geometry and configuration. Additionally, by enabling detailed studies of how transport
signatures depend on material choice, crystal orientation, electric field configuration, and detector
geometry, G4CMP can directly inform both detector design and optimization for next-generation
searches [32, 33].

Having completed our discussion of the improved charge transport modeling, we look forward
to using it in the upcoming SuperCDMS-SNOLAB experiment. In that experiment, the modeling
developed in this thesis will be incorporated into the SuperCDMS simulation and analysis work-
flow as a reference for interpreting the observed data. We hope that the additional understanding
it provides can assist with background rejection, improve energy measurement resolutions, as well
as play a central role in the overall search optimization. Such advances may well prove to be the

linchpin that ties together a discovery of dark matter.
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